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+■ r’onsists of seven Chapters/ 

The present thesis con^x^i-o 


, T tt VII Each Chapter is divided into 

imbered I» II ..*••• vxx. 


several sec, -ions (progressively nurabered as 1.1, 1.2,...) 


The foonulae and equations are numbered progressively within 

J- * 1 e-r. 


each section. For example (5.3.1) denotes the 1 st formula 


or equation in 3 rd section of the 5th Chapter, 
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CHAPTER I 


A BRIEF HISTORICAL REVIEW 


In this Chapter we propose to give a 


1,1 In t roduct ion 


brief hisLorical account of some of the work done in the 


field of hypergeometric type of functions and polynomial 
Ho attempt has been made to give a comprehensive review 


ubject. due to its va 


of the entire literature on the 


but only those aspects which are directly 


work have been dealt with in some detail 


Special functions have many physical and technical 
i ons and a cont inuousl y growi ng impor tanc e si nc e 


tiiey are closely connected with the general theory of 
orthogonal polynomials and related problems of mechanical 
quadrature. Besides this, they have intrinsic mathematic 


tudied 


So far, a number of mathematicians have 


various type of hypergeometric functions and polynomials 
viz., Laguerre, Hermite, Bessel , Jacobi, Hahn etc, and 
obtained several properties by using different techniques. 
Various generalizations of these functions and polynomials 
are also been introduced. Generally, these investigations 


have been mad® through their generating functions, , 
Rodrigues' type of formulae_, power series representations, 
operational' rcpre»«|fi^*.'fe‘^<^h«|i, .differential equations, , 




•'i vVAi'''.?:: 






expnnsions, I'ecurrence reda'tious, dir .ceuce ..fiuav.. u ... 
and sirailor individual ciiUf ucter ist ie pr',)] ■(. i. L icn . 



j' liut vl i i>n 


noiiiiu i 


int€;gral, difference 


torfr uiid their various 


ac-vera 


these operato.i: 


Jackson 


Appe 1 1 


themu tic i<:i ns , 


R . P. Agrawcii 


cano 


Mittal 


Shrivastava 


•S a lan'i 


and other 


H.C, Agr^iW 


Kahaner 


hail make frequent use 


:leir iveci nuttie r ous 


;hlft itnd q-diff erence operrit or 


tic Functions oi: 


Ordinary^ 


In an attempt to generalized ordinary geometr 
several attempts were made l)e£oie the 


senes 


nineteenth century and various similor senes were 
introduced. But the proper form was developed by the 
famous German mathematician Carl Bridrich GauuS 

.i-v., = ^ inio -in hi.<3 thesis presented at Gottingen 


( a-t* 1 ) b ( bt 1 ) 

"c"(c?iy 21 


where (a)^.^ is pochhansner aytRhol (also known as 

function), /' / 




eseuttd by 


■^'rgcoaietric 


a) the well knov/n Guii. 


ttie generals 


whicii i 


lied 


hyoergeotne'tric function, trie so 
defined in the following manner 


CO C(a)) 


wh ere for brev i ty 


being 


with similar representation for 


unied. that no denominator: parameter 


in that case the series is not 


negat ive int egt.- r 


absolutely convergent tor all value 

when A B. Also, when A»B+1, th 

if 1^1 Z- converges when 


and when z 




4 




If h ~7 B+l, the series never convex-Qes except 
when K - 0, and the function is orvl'/ clef iiied when tiie 
series tve nil inates. 


If any of the numterator porarneter a. / in (1.2,3) , 

is a n£:C|dit. iv€’ '1:11 .e series ieiictijicil. .tiie. 

function ir educes to o poiynorniui 

A set of |)Olynornials fi~0,l, 2,3, . . la 

called a sirnple .s-et If--- P^.^(x) Is ^ of degree, precis €ily ,, :n' ,in X/ 
so that the serf'' contains ' one polynDinial of, each degrt^e ' 



,In ■ our ' anal ys is, ■ v^e ■■ sha 1 1 'fnciice the use of Lsgue,i,r6/ 

Jr,ico,hl and ilah.r,i ,polynoiid.ti-l^j defined by ' g, 


t \ ( 1 HhO } ^ 

(;i.2.4) L^^dx)^ , [85, 


(1 


.2.6) pf'''‘'dx) 

■ ' I r ■ ■ 


( 1 -f a ) 


,. 1 -f'Ci;, 


1 -x 


and 


p . 2 0 0] 



6 




1 


Tl,c rubrics in convf rgcn foe nil 2; when 

\q\ I, ;^+l and no zeros appear in the denominator, 

and for Ul Z^l when A +1 = B.; The case Ul 7 l can be 
transtonm J to jq] Z _1 since 


(a; q) 


n 


(-)" 3" (^^- 1 , ^-:lj 


11 


■k 


when Ull and A+l " 7 b, the series diverges for all 

ay 0 unless terminates, which hapiaens with any = q 

and none of the are of this, form. 

1.3. Twq_ Variabl^: The great 

success ot the theory of hypergoometric functions of a oingle 
variable has motivated the development of a corresponding 
theory in two and more variables. Multiple hypergeometric 
functions has been found to be very useful in iiia the- iiK.t leal 
physics snei stHtxs'ticBl ,, px'oblcnis * ■ 

P. Appel 1 [13] was tile first author to treat this 
matter on a symmetric bcisis. In this year IBHO, he defined 
the four functions given below whicli bear his name. 


t; 

jfd' 


j 


(1.3.1) F^{a;b,c;d;x,y) = ^ 


00 (a). 

^ m+n m n ^ ^ . ..Y— 


Tdl 


m, n =0 


m+n 


mini 


c I ^ 1 x—i * I •i' i ^ ' 

( 1 , 3 , 2 ) ^2 (&i b, C| d| ‘’’y i ' "''''''id) ^ 


mini 








^ -6 .-iv- 7'.: , , 7 ;. , ; ^ ^ 


'lll'ih 




CO (d) ib) (i-:) HI a 

, iii fi., lU li -V / 

(1.3.3) F., (u,b;c,o; y) ^ \ ulTr” 

mill 

rii, n-'U 


( Z_i. Iyl d.1 ) 


(1.3. 4) 


(ci , b: c, d; x, y) = ^ 


CO (a) (b) 

x~t m+n in+ti 

ai, n= 0 


HI ll 
V V 


(C/* lx| +%/" jy! /._1 ) . 


The Appall functions posse£^ Vv. il ous conlluant foriiis 
vj'hich are anulogues to the confluent hypfnjaomatr.i.c functioru 
:Ln the case of one variable. P, Humbeit in 1920, first 

discussed seven such functions. We give hare utily chose 
which have been used in subsequent chapters (for the rest 
see [ 40 ] ) : 


(1.3.5) <|)j^ (a:b;c;x,y) 


U 0 1 


, F. (a; b, 1/u; c; x, uy) 


fn,n=0 


lu u 

X 

nil ill 


(1.3.6) Vo ^a5b,c;x,y) « ^ P 2 (a: l/u, 1/u; b,c; ux. uy) 


CO (a). 


m": 

m,n*0 


.in .ji 


(c)., ml hi 
m o 




1 




L^i>? villas..,' * • b-. 


' ' I',, ' 



00 (o) (i'.') (c) 

_in a Ui_ 

^ ^ m+u 

ra,ir-U 


In the- course of a aea'len of papef:; ri'j over 

the period of fifty yeax-s from 1839 to 19 39, all the cioutle 
hypergeoinetric functions of tiie second order were systematical 
investigated. J- Horn* s final li5rt [5l] consist e<i of fourteen 
coinplete (noti-conf luerit) sttries anii their tv;e!ity <.l.i..'->tiuct 
liniit-lng ienrins v;liich include tht' Cour Ayipell iunctions vSnd 
the seven Humbert functions. A reference to the conipiett: 
list of these functions may be made in the pioneer vrork of 
A. Erdelyi etc. [40, p, 224-22?] . 

In 1921, Kt'impe de Feriet [58] introduced the 
generalized Appeil functions ■ so .as to provide the iloabie 
hypc*rgt oinctr Lo functions of higher order. He oLud.U d the 
following function which is named after hirn,^ , 


( 1 . 3 . 8 ) 




ni,ri=0 1 j'm+n | 1 3 J “ 

j-1 j-1 


/V more coiapeci:. rroto f or tlu:* Kn de Fei-i(:t 

function wan first devised by Burchnall and Cluiuudy , 

and as such the function defined l>y (1. 3, d) is now nsuoLiy 
written as 

<10.9) F ‘W; <W; ^ -Tirj)--JX^T:;r^~r)Z ' ■ 

i ■' nn u~ 0 


The series (1.3.9) converges xor afl values of trie 
varioblec x and y if A+B<C+D+1 and for I x) 1 , 1 y 1 < 1 

■il',' « 


In our cujalyois wo shaU also vus,n^t following ^ 

basic-analogue of hypergeorne-t ric functions of two variables 


(a ) ! (b) ; VC ) ; 

Cf) : (g); (b); 


a 


m, n=0 


<(‘V'q),„„, nwiqi,, (‘9)!q) 
n5T7^t;;;7-r®7a „~nr;i , qi' 




ca ' ■ ( (n ) ; ) . V. ■■ ( 5 ^ ^ p. i U') ^ ^-1 ) p 

X T(T);-Cn-TC).^t-(M^^)7' 


Ui u 


■‘(TiiT; (q;q),; 


m(m-l )/2 !;; 


1.4 I'i"' L *i' ■>'■;■ :\l:'-Li’''i*l'"Li‘2J£L " i.iinin.j of the l9tli 

ce,iOi.:t:y, eeverel eutiiorc, for ei.oiuple Green [fti] / Hermite [fO] 
Didon [37j ■ffrtUvil'ed,' cer’caiii s/ijecivi iiiul/taip.ie. iiypai:-- 
i;ic fi:tn^rt, ion;; . But n u yn teiua tic npijroee-h i/u.s Uiudt; by 
Lnuricella [63] in 1693, oho, betj inning veith the A|ipall 
function:;, introducod follov/ing four important functions 



nhich bear 






In his v;ork Lauricell also intlic 


oi' otlior multiple hypergeometric function 


In our ana Ivs is 


follovring confluent form 


1 uactiun;.5 iiitrOvluced by Humbei't 







0 ). ) 

CD 1 IIP 

1 

) — CoT~ 

,m «o ‘“l 
u 


respectively 


1-5 P i tf erenco. Sh ift .-‘nd cr- Dlf f er>.‘nce Operato rs : The most 
importcint conception of raathematical analysis is that of the 
function. In analysis wo usually encounter tvfo types of 
functions, fir r.t tyi'ie of functions arc those in whicli the 
v.icUii»lc >: t.ik.'.;- .ill porn-iilflc Vftlut^s In a ciivcri interval. 

Those functions belong to tho domain of Infinitesimal Calculus. 
The second class of functions in v/hlch the variable assume only 
the discrete set of given value Xq,x^, , , , fx^, are dealt with 
the methods of Finite Differences, although it may be applied 
to both the claiJscs, 

The origin of this calculus may bo ascribed to Brook 
Taylor's Method us Incr ament orurn (London, 1717), bixt the I'cal 
founder of the theory was Jacobi Stirling wiio in his Methotius 
Differential is (London, 1730) introduced the famous Stirling 
numbers . 


v/l'^ere h 



{u)g(u)] 


ii'th ^ 


d-''--;:) a" , 1, t A„ , f 1 '• " 


h uliift OiMu'ratoi'y v/ritt'-n 


::ici,:itGd 0|A:ratur ia- tl'ja shift c.j^.erotvii’ 


(l.h. 1) and (1.5.3), yields the followinQ relation 


end E . 
h U/h 


( “ ) (~) i(uduh) ; n - t 





Tliroughout tlie- prei:>ent. worM^ vjtr denote /X, , <uiu 

^ 1 1 X ' 

t s iiiiolv by /\ ciUil ii .1. vc-l y . 'I'tiu.j, h-ivc 

a, ;l ■ ■ y 


The rt is aiioLJitr opeiator wliich is closely 

related to A “nd is known as the backward difference 
opt^raitor. It is defined by 


(1,5.9) ^ [ f (u) ] = f (u) - f(u-l) . 

In our present work v^e also make the use of the 

q-dif f erence operator (q''^ A ^ introduced earlier by 

u 

Gould [ 47 , (3. 1)1 (for h ~1) , ^ 


( 1 . 5 . 10 ) (q^ A ) (u) " 




and bfibultK anaiogiue is 


11.5.11) (q“A )“ [nu).](u)] - Z [?J ‘A/'"'' 


where 








The classical orthogonal polynomials have also 
generalized Rodri^ttf. formula of the form 


1.6 Rodr :i r)t.u;s ‘ F oru'iula arid It s Genera li zations ; The 
Rodrigues type formulae have been widely used by numerous 
researchers in the past. The classical orthogonal polynomial 
iisve a generalised Rodrigues' formula of the form 

(1.6.1) F; (x) = T -Y- [w(x) x“ ] ; n = 0. 1/2, . . ,, 

'll ' K \ •*'4* / ■ 

where D ^ , k is a constant, X is a polynomial in x 

Cl:X. 11 

whose coefficient are independent of n, w(x) is the weight 
function and F^^ (x) is a polynomial of degree n in x. 

Conversely, any system of orthogonal polynomials which 
satisfies (1.6.1) can be reduced to a classical set* 


Tlie Legeridre, Laguerre and Hermite polynomials vdiich 
satisfy (1,6*1) are the particular cases of the Rodrigues* 
formula. They are as follows: : 


and 

2 2 

(1*6.4) H^jCx) = )* 


{1,6, 2) 

( 1 . 6 . 3 ) 


1 v.n 


D (x^-l) 


% 1 -a X , 2 , . n 

Ll' ' ■ (X) ' ® ^ 0 0. , (X *“1 } , 

n nt 





v-'hcn" ]< it. *:i c.:jijstan!;, X(x) a polyiioiniai in x whont: 

' li ■ 

cDerficiai i: i;-:; ijiAj£:pt:: ail Ciiit.:.. oii.n^ J(x)' ia auy I' .Loa, 

Z\, ' oper^^ tor dJ: finite diff ej/enrc- d<; i Uu/d . . ■ , 

by ■ ' 

tft:u,riei:o’u.s poIyriDiriiuia unci f uiictiona, fiavt.:: teen, del" ined 
hy tlse foinnulae analogous to Rodrigues* type-., of , formula , in 
w^rptoc* i«c'i 1, lai.H"'iC- i'., jd' j n s o.t Mvif/lnaua-t ...Lc...*ci..L Ptyulea.* Wirti. e I.U-ing 
varitDus polynonrinls and functions,, a 'nu;mbcx of reaearciierG, 
riOtebly# Appel 1 {^14j , . Burchnall ^ , . Chak ' [32j , Al-oalom 

|"lOj , ' Carlit2: [25] f ■ Cna ter jea ■ [34-] , . IRN,. di-irivastciva 

[ 94 , 95/ 97 ]/ Hittai 1.7 3j, Pat il and Thakare [uO, 61, 6 2.], 
Joshi and fn:cijcipat p6, 57.1 iiave un«..d v.-.riou.s 

coiubinatious oi' differential operator viz., xD, x^'D, 
cix*^ + etc. The mont coiTuiion polynoiaialn, functions and 

iiuiiibc ra dt-fined by above operatots art Trnesat il tYi3c- 
polynoiiilu Is, dtiriing numbers ctnd tjentMu I i.; ed pDiyuomlals, 
But not much correspondiiuj work has beun done in term.-j of 
d i f f ere rce ope ra t or s . 

In 1949 Toscano £l3l], introduced the following 


Rodrigues* type of representation for generaXiiied hyper- 
geometric polynomial of 'One variable. 
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( ;l . 6, o) , F „ 

^-• + 3 U+3 


- 1 i , ( a ) -f U ; 

U, (b)+U ; 


{„) (.U ^s - Ml) t:" ** .n n uO .ru ) 

f" ^ u ^ r(u} pctbr+u) 


w!r fc- !'or br^vLt-v rd^O+'O .st..,n.,;j lox' f , +‘0 . . . p (a +u) , 
v/ith .•similar rtpr^^atatatioi] i;uc f’ ( (b)+u) . 


In nlHiilar manner AgrfiVi/nl pi, 7 ] obtained 


(1.0.7) F 


X 


,.(2) 

[ (a)+ufv i -m, (L)+u ; -n 

, (c) +V ; 


if.) +U+V : (<j) +U ; 

(h) +V ; 

nw-n r ( (f ) +UPV) r ( (q) +u) 

r ( (h)+v) 


r ( (a) +U.J-V) r t (b) -<-a) 

'r uc)+vr 

^ r 


P ( (c) -t-v ) 


r ((.:'J+UTV) P ((g}.|.u) 

P ((hA-vP 


X, y 


u V 


y'''] . 


atid ai;>o ynvt a Kodrigutin' type of forma La tor liype rgr-omet rir 
polynomials ol; l.hrct vari ... l-les Jn terms uC ilijfereiice 
operators. 

Toscano in the same paper [l3l] considered the 
following Rodrigues' type of formula 


(1.6.8) ix) - (-)” A? r - 1 

« II 1 tmA Im f** / « , \ J 


•a - rCa+l) 


XH 


r»:1 . ■ 

( _ ) ^ ^ / il2i \ a *- 1 ■ ■ 

ni f (a+htu + ll . 2 ^ 

V r ^ i-x ^.,.n I 

it “ la+J ) 2 J ' 

i;:')r i^uyiier re J'jccibl i:r,jXyiro«iioi;;; r.-y'jt-ctlvt'ly. 

L.i'cex' on i'-igrav/al j_lj alno govt' sevcU'cil properties of 
LagutMTe polyivoiiiialo by unJ ng the Rodrlgiies* tyiji? o f 
formula (3.6.8). 


( 1 . 6 . 0 ) 


(x) 

I J 


In view of the above formulae (l.o.il) and (1,6,9) 
lOi'Ccijio J 3 , l34j clefinti’d tlie gene rel ioed LuQuerre unci 
Jacobi polynomials as 


(1 .6 . 10) L (x) - (-} “ -Cii‘±£(iitll x"'^ [■ 

n n! '^a, V 

and 


"Ru+ir 


] 


/I f 1 T j-,(a^b;v) T* (a+nv-i-l) v l~x ^ “a-i 

(1.6.11) ly (X) - (-) — ( — ) 


v: A . r P (a'fb'fn+l) . / 1 V a 4*1 i ^ ' 


a, V 


and also obtained several inierestiny rosulLi 


Following Toscano, other authors, notably. Soul, 

B,M, Agarwai, H,C, Agrawal, Karlin, McGregor etc, coiislderdci 
tlie Rodrigues type of formulae for several other well known 
polynomials and consequently derived their nuinerous 
properties i ■ ' 


f 



n+a 


W~x+b+n 

b+n 


x-f^a 

a+n 


(for Kodrigue 


formulae (1.6.17), (1.6.18) and (1.6.19) 





Generating functions. ®r© powerful tools in the 
investigations of 'th«rr»yste'«is of polynomials sets' and 'may 'be 


where (x; a, b) , (x) , ‘ (x; vu, b) , (x) , (x; b,isi) , 

ni (x;b,c), P (x;b,c,d) and c (x;a) are known as Bessel, 

n u. ■ n ■ 

a.^aociaced Laguerre LH-j* gene ralised Bessel £33], generaliii 
*rx‘icoini £ 24 ], liuhii, Meix^ier, Tche bichef ' 3 , and Chcj r.l ier ' s 
pclynomials respect ively . 


Generating Functions ; The term "Generating functions'* 
was' first introduced by P.3, ijaplace £62] in 1012. Generating 
functions have great impi;u;ta nee in the study of polynomial 
sets. J?or example. Vie shall define the Legendre polynomials 
(x) by 


{1.7.1) (l-2xt+t^) ^ Pj^(x)t'^ 


and the Herinite polynomials 


( 1 . 7 . 2 ) exp (2xt - t ) = 

n=0 


The Laguerre polynomials L^ (x) possess the generating 
relation 





it ci.U^o lii unifying treatriient of polynoiiiicil^ . Thl 


fact is evinced by the works off Shef fer [.92] , Brenke [2uj 
Hainville [si] > Huft [52], Truesdell [iSsj , Palas £76], 
Boas and Buck [lu] , Zeitlln [l40] and Mittal [71, 72, 7l] 


Linear Generating Functions : If a function of two 
variables G(x,t) has a formal power series (not necessarily 
convergent for t / 0) expansion in t of the form 


where ^ n = 0,1,2,'.,.., be a specified sequence' .independent 
of X and t, then we say that. G{x,t) is linear generating 
function or simply generating function of 6hd G(x,t) 

is said to have generated the set ' f^Cx), , 'fhe abt^ye ' 
equation '(U7.1), (1*12)' and (1,7.3) are 'the exawiples of 
linear generating functions, , ,. , 


^ Bilinear Generating Functions : consider fi 
vafWble . function F(x,y,t) which possess a forma 
series expansion in t of the forzn 


) F(x,y, {-) 


be a specified sequence 












■ j' 


“ :• ■' fV-'A *:'»?■■. ■’■% I-'-' 


i U t>.t. 1 i ut - 1 f iJt‘iU;l, Ai t 1 HiJ 


f; luict i rjn f; or the et 


'J'lit! nioi'c! cjenera I toi'iii oi' blliiieax- ijtiuui;atiui;| ruuotlou 


can be given by 


where a (n) and b(n) are functions of n- which are not 


three variable function has a formal poweir series expansion 


where ; n » :0, 1,, 2, '-'be a specified sequence- Independera- 
Of X# y and t, ' and f^jCx) and (y) . ,a'K*e ' the u i i lex i/nc 
of functions',/ 'Then G(x,y,t) is called a;''bi'li.i,c.rt-.1, gern.n at..i ng 
fupCt'idftyOf_f ,U) ,md r< (x). '''' 


'st f’jen Qf ^ t " suen that 


y,t) can-l'he c-xpCunicd in 









•siiM¥f,M P'^^X^''‘P^- 

y -: CJ.' '‘^ *■ .o.--r- ' >v * -i^- *- 


mWm 


v^jluMi.’ .i(n) -iii.t b(rj) are; I uiic t li>ri:i i> 1- n wli U'lt ilf m»l- 


0 e:ce: s s cii' i- i y e:;c^eiHX, we; siicili s'CxXX c^ XX li C^#y# x) is biX^ie^ xeiX 
gentratiirj function for the functions ^ud g (x) . 


In eucli of the 


MuXL ivar lublt. Generating b''unctions 


generated ore functions of only 


above definition 


one variable. Now for the sets of the function 


it is not difficult 


to extend the definitions of linear, bilinear and bilateral 


generating functions to include such multivariable generatlhg 


functions as 




V %(n) <^1 





Multiple Generating Functions ; A natural further 
extension of the multivariable generating function (1.7.9) 
is a multiple generating function which may be defined 


the multiple' 

'/ 4'‘ ‘ ' ' \ , ' ' ' ■ ' ' ^ 

of the variables , '■* . »n4,rr.t 


is , Independent 






(wliere (n) , * * • , a^, (n) are functions of n whic'n are not 
necfessax'ily equal) then multivariable generating function 
; t) given by (1.7,9), is said to be a multi- 
linear generating function. 


Further, if the functions occurring on the ■R.H.S, of 
(1,7,12) are all different, then multivariable generating 
function G(x^, **‘, ; t) given by (1.7,9) will be called a 

multilateral generating function. 




In Chapter IV, in view of the Rodrigues' type 
formula (1.6,6)# a i«ethal ^ beeh dev«l oped by which 
several well known theoremfit ;;Vi8 • # Gauss# Saalschuts# _ blj^on 
can be proved ets4ly,fC,'lii/,^liey« considered, a todrlgues* 

type 

variable*, ":|iese'^ otetslnlng 


Hi i« I iiurvi'y : 1. n llif |)i«;it'U( tlu'iiiri *ui »itt ctiijit li.u. l><'«’n 

made to show that how effectively the difference, shift and 
the q-difference operators can used in the hypergeometric 
type of functions and polynomials for finding Rodrigues' 
type of formulae# generating functions and for solving the 
problems of dual series equations in discrete variables. 

In Chapter II we have introduced a generalized class 

of polynomials in the form of Rodrigues' type formula with 

the help of difference operator For this generalized 

class of polynomials certain linear# bilinear and bilateral 
generating functions, operational formulae. Recurrence 
relations, finite expansions and other results have been 
obtained. 

In diapter III we have presented a Rodrigues' type 

formula in terms of the operator /\ for hypergeometric 

u ■ ' 

functions of two variables and subsequently have obtained 
a number of summation formulas ar^d transformations for . 
hyper geometric functions of two variables. 







In Chapter VII we have considered a pair dual 
series equations involving Hahn polynomials in discrete 
variables as kernels. Some special cases -•■have also ‘'been 


derived, which include some of the well known orthogonal 


polynomial in . continuous variables as kernels# 






iiiili 


some trsnsf arma tlons, summations, generating functions and 
tliree teirm relations involving basic hypergeometric series. 


In Chapter V we have given a q-analogue of the . 
Rodrlqucs' type formula ( 1,6.7 ) and have used it to 

derive some transformations, summations formulcis, generating 
functions and expansions involving: basic hypergeometric series 
of two variables. 


In Cliapter VI we have estfOblished some general type 
of bilateral generating functions involving Laguerre/Jacobi 
polynomials with other functions of several variables. We 
have also derived certain multiple generating functions for 
the product of Laguerre/Jacobi polynomials and Lauricella 
functions by xising the mathematical induction methods. 



CHAPTER II 


ON GENERALI^'ED RODRIGUISS* TYPE OF FORMt^ 


? ■ 1 Introduction : Rod rigupfj’ type o£ formula Hove been 

the starting point of numeroiis researches in the past. 

In the beginning only the differential operator was 

used in Rodrigues' formulae, but later on other operator 
-. 4 - - (a+x ~4~ ) etc. were also used. 


As far as the use of differential operators in case of 
orthogonal polynomials is concerned perhaps for the first 
time they were used in 1934 for La guerre polynomials. 

The Rodrigues' type of formula for Laguerre polynomials i 


P (a+n+1) 


r (a+l) 


Later on such type of representation were given for several 

other polynomials also for this one is advised to consult 

D.411. L. Toscano [l3l. 132, 133. 134, 135, 136], 

B.M. Agrawal [l], S.L. Sonl ^106]# G* Gasper £45], 

H.C. Agrawal [s] and B.P. Parashar £78. 79] are the main 

researchers who worked ih this direction* They gave 

* 1 

Rodrigues* type £orprtulae'‘^gl''-di£fe^eiifcr' •systems .of ^polyndmia 

in terms of difference Operators and conseguently ^ -find, out;:' 


Pa rt of, ‘"this’ v^CTA . CIENCIA INDICA 

V.d. HV^t I'Hin, rro, .1, entitled -on g^wu.al ltn*-d u<,<ir I utu-s' typo 

of formula" ' 








known as well as new results 


uch type of Rodrigues 


that form 


function 


ome new 


[l33j also introduced and 
minis by generalizing Rodrigues' type 
formulae. For example, be gave the following generalized 
form of the system of polynomials ( (x) | defined 


scono 


P (a+nh+l ) 


In this Chapter our aim is to give a unified 
treatment to the subject. For that we study a new class of 
polynomials (xs (a)? (b)? (c) t (d) j (e) ? if})/ n„0,l,2, .. 

defined by 


-’fCu) M- 


P ( ( <\)n I 0*) 





tiif , n+p, ) 


Tlv:' motive behind introducincj such n polynomial 
syntcm is that it provides the unified study of polynomials. 
It inclvides as special cases not only a number of well known 
polynomials (a few of them mentioned below as illustration) 
but also provides their extension. Our aim is also to show 
inq the difference operators, the results can bt' 


that by u 


obtained very easily 


(a; h) 


(-)" X'T ta+nh+1) ^ [ 


a , h I C atl ) 


{x? k) 


^ . tx'T - n* * 







(-)”P (a+nh+1) 


( a’4"fc5"hri'4"l ) 


P* (a+b+n+1) 


1-xa+l 


( 1 : l,l 7 l. 0 ;l+a+b,-.xs 1,1; l+a,*-N;0 



Ihe polynomial L 


polynomial [85] 


nd is the generalization of Laguerre 


reintroduced by Kaunhausar [61] al 


The same is later on 


(x) which is 


[83] studied the polynomial L 


Suman 


light difference (in place of 


with a 


) only. Recently 


(x) which is exactly the same 


defined the polynomial L, 


given by Toscano [l33] . For H 


The polynomials 1 


[134] , Chatter j 

Shivley £93] and Mandhekar lhakare 


Khandekar 


cano 


Hahn [ 59 ] 


*' Starting from (2*l»2) and, 


using th^ 







where for convehiehcfe' 


>, (u? h) I 
G ' (x 
n 


P( (d) u+{i;)n+(G) ) n P ( (a) u+ (b) n+ (c) + (a) hr) 

Y {-)’^ (’^) -r— — — — 

P((a)u+{b)n+(c) ) feo ^ f '( (d)u+(e) + (d) hr) 


In case a^^h, . , , , a^h, d^h,.,.,djjh ore all. positive 


Inteqers, (2.2.2) can be written into the following hyper- 


geometric form also 


G^ '^' h) (x; (a) ; (b) ? (c) 


we can easily show that 







f (u+h) 


r f:,Vi+hr 


P ( ,(a) u+ Cijj 3; 

P C (d)w+C«»)) ;,jpg,0;] C CdJti'f'.Cej'^ 


yjt^^i'P^ne rating 'relation 


also /Ni( ( 9 ) li? ) stands f or a j^u+b^n+Cj^) , 

<'3)u+(e)) for 

£;i^(d^h;dj^u+€^) , /\ (dp hr dpU+Cp) * Here A fa? v) is taken 

to alibrcvtate the sequence of m factors v/m, (v+l)/m, . . , , 


(v+m~I)/m; m 1 . 


2.3 Lin ear Generating Functions : In this section 


for the positive integers aj^h#,..,ajh and dj^h* . , • ,dj^h , 
we derive certain linear generating relations involving the 
polynomials G (x) defined by (2*1.2), 




whr rr H i? given by (2.2.4) 


(ii) We have 


In the above expression using the formula (2,2.1) 
we get another generating relation. ^ ^ ^ ^ 




(d)hr 






(ill) In view 


u,h P ( (cl)uf 





< (a)u+(c) ) 


n+r 


n+r 


n+r 


(d) hr 


v+r 


(a) hr 


’{ ((])u+{e) ) (w) 




.* transformation 


thr Euler': 


we have 


w-fr 


w+r 


Hence, we get the following generating function 


(x: (a)?(b),* (c) - (b) n:(cl);{e); (f) ) 


(w) ^nl P( (d) ut (£)n+ (€)) 


(w-v)„ (v)^ C{^u+(c)) 
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t, 

m 



m+n 


( i i ) Tak in g A=: D= 2 


-liter taking limit u tending to 0, we get the follov/ing 


generr3ting relations involving generalized Rice's polynomial 


a+b+1 


r.-sf-iri V, p,-a^-]b+l ; 

i Ir:-; L 

"4#^ e-f-l i 


(i~t r 







5isrs*fn 


■m 


"■' J '”, t* '• 1 f >>!,; ; ^ ' ■** *>' ;;’ ^ ^ 

.; : :';i! ! 



(-)” (w) (^a)u+{a)hp+(G)) 


P ( (d) u+ (d) hp+(e) ) 


P ((a ) v+(c’)) 


Again using (2.2.1) and after some simplification, we get: the 


following bilateral generating function 


(x : (a) f (b) s (c) - Cb) n s (d) i (e) ; (f) ) 


nl P ( (d) u+ (f ) n+ (e) ) P ( (d^) v+(f') n+(e')J 


wi { (a) h? (a) «+ (c) ) 
(d)u+{e)) 


P ( {d)u-f (©)) P { (d*) v4-(e‘)| 




'ktM) ' 






1 — 




j '* ( (q) +v) 






v;hich af ter some siirplification and putting v=0, gives 


^P) »A t <a)u+ (c) ) 

(d)u+(c)) 


( (d) u+ (f ) n+ Cc) )( (q)) nl 


p, <^((d)h; (d)u+(e) ) ; (q) by ^((a)h; (a)u4-Cc) ) and Ht by t 


we obtain an interesting relation 


ro P { (d) u+{d) hn+(e) } (p) ^ t*^ 

n»o nl n(d)u+(f)nt(e) ) 


"p+n,^ ( (d)h; (d) u+ (d) hn+ (e)); _ 
/\iin)hj (a) n+ (a) hn-f (c))? 


Particular Ca s esi!., different valtiee: 


nbove 


f: neefcton P.,4, .t ‘.| 


I »-it . int#' i #*t 







F^(a+n+l 


4.11) (1+xt) 


(ii) Now by taking A,-=D=e a =D =»1 


in nboVG enuations of section 2.4, we get following 


bilinear and bilateral generating relation involving Jacobi 


polynomi al 


(a+b+1) (c+d+l) 


a+b+i>M 


e+n+l 


a+n+l 


(a? b-ii) 


t a+1^iV -7 













b-t>c+l 


In this section we chall 


tional Formulae 


derive Hie following operation'll formulie 


p ( (a) u+ (b) n+ (c) + Ca) hr) x 
P { (d) u+ (f ) n- (f) r+ (e) + Ca) hr) 


r ((d)u+(e) ) 


u+(b) n+ (c)) r=0 


(u+hr; h) 


(x; (a); (b) ; (c) + (b) r: (d) 


P ((a)u+{b)n+(c)) 
P ( (ct) ii+ (e) ) 


P { (d)u+ (e) ) 

P ( (a)u+{b) n+ (c)) 


n+c 


(a-u+b. n-fc,-n 


) . . # r <a^iLi4-fo^n+c^+a^h) P < (d) u+ Ce) ) 
P Pf i ^*3) «+ Ce) + Cd) h) 


yro' f>rove ' consld«c' 


^p((d)u+(£)n 4 .Cc)) n _ r((a)«+fb)nt(c)) 
— I — 





e o£ the Eormuln 


3) ^’[£0.) g(u)l 


P ( ( a) u+ (b) n+ (c) + (a) hr) 


u+hr 


1 ’ ( (d) u+ (e) + (d) hr) 


f the definition (2,1 ,2) , reduce 


P ( (d)u+ (f ) nt (e) ) 


P ((a)u+(b)n+{c)) 


P ( (a) u+ (b) n+ (c) + (o) hr) 


(f ) r+ Ce) -f {d)'hr) 


(u+hr? h) 


(x s (a) ; (b) i (c) t (b) r t (d) ; (e) ; Cf ) ) 


*'‘**''^ g(u,hr) 
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P ( (a) U4- (b) n+ (c) ) 
r((a)u+(c)) 


p ((d}u+ (f)n+ (e) ) 


P ( (a) u+ (b) n+ (c) ) 


P ( {a)u+ (b) n+ (c) ) 


From 


n+c. ) g(u) f (u) ] 


1) g(u) f (u)] 


a,u+K n+c 


n>fc 


l)g(u) f («l3 


n+c 


u+b, n+e*-l) g Cu)£ (u)3 


u,b ’ 

’rimr. ve hove 


‘7\ ‘ 1 ^ If 


Jk 4, 



(a.\i+b,n+c 


tub- n+c. ”1+''' 


n+G 


v/hicb on iteration yield 


a,i3+b,n+c,) g(u)f (u)] 


n+c 


n)g(u)£(u) ] 


■\,.u+b„n4c„) 


u4-b^ n+c- +a. 







(a ,u+b.n+c-+a h) 


(a.u+b 'n+c.) 


n-1 time 


Repeating the above proc 


( ( a) u+ (b) n+ (c) ) 


P ( (a) u+(b) n+ (c) ) 


( (d) u+ (e) ) 


(a-u+b, n+c- -n 









l+a hj+j) r < 


u+b, n+c. +a, h-n-l+j) 


(a, u+b,n+c. -b' 


u+bjn+Cjta^h) 


2.6 Recurrence and Other Relations s Substituting 


f (u) ss a,u+b-n+c- in the operational formula (2,5«4), we have 


P ( (a)u+ (b) n4- (c> 4* (a) hr) 
p { (a) u+(f)n-(f)r+{e) + (d)hr) 


(u+hr; h) 


me 


,:4reIatton 


which '.pij 'Using C2*l*2) gives„the 


'^0^^ I f in} 1”.^)')^ 


(a)| 









sM'^l-S^WfeTi 

^Rv^^;f:4ll&2S 


et f (u) s=d^ u+G* — 1 in 


we observe that 


(xt (a); (b)i (c) :(dX*(e);Cf ) 


we get another recurrence 


Using (2.1.2) on the R.H.S 
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From {2,1.2) it follows that 


( Cd) u+ (f ) n+ Ce) ) 


(xi (a) ? (b) ; (c) ; (d) j (e) ; (f ) ) 


P ({a) u+(b) n+ (c) ) 


P ( (a)u+{b)n-t-(c) ) u+b.n/a. +c,/a 


P ( (d)u+ (e) ) 


On differentiating it with respect to 'x 


rence 


Cx I ib)i ic) 


t Ce) i if) ) 


Ca.tttb.ntc:) 1.0, 


list, ut l 0 


Ml .an 4®) > (f)) 


M.ism 






we obtain 


ind differentiating witli respect to 


adjusting the pcirameters) the result 


p( (a) u+ (b) n+ (g) ) 


(1-d u-€, ) p( (d) u+ (f ) n+ (e)) 


r ( Cd) u+ (e) ) 


P ( (a) u+ (b) n+ (c) ) 


(d. u+e -1) pc (a) u+ (b) n+ (c) ) 


P ( (d) u+ {f ) nt (e) ) 


Repeating this prt60li‘ ;;<I| '§et 


'if: 


r'W) r 




II 
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fT (|a)\ji4-<b)n*i*(c)4‘(a)hr) 


r{(d)u+(f)n+(e)) 


n W) w+ Cf ) n- (f ) r+ Ce) + (a) hr) 


r ((a)u+(b)n+(c)) 


(u+hr; h) 






whr'if* 1> 


(Polynomini o: 


4h il) 


(-) ” p { (d) u+ (£) n+ (e) ) x"’^ n P ( ( a) u+ (b) n+ (c) ) x'^ 

A [: 


( (a) u+ (b) n+ (c) ) u^h r^ajU+e^~dj^) r(a 2 U+€ 2 ) ... Raj^u+ej^) 


which on iteration yields 


(2.6.8) TT 


Jl-l 


TT (aj^u+ej^-jjj+(3j^xD ) 

jo“i 


^ (u; h) . 

X £ G Cx ; (a) ; (b) ; (c) : (d) ; (e) ; (f ) ) ] 

n 


P ((d)u+ (f)n+(e) ) n ^ P{ (a)u+ (b) n+(c) ) 


A t 


”’ ( (a) u+ (b) n+ (c) ) u,h p ( (d) u+ (e) - (d) ) 


P((d)u+(£)n+(e)) (u-lyh) , , . 

G (x: (a)y Cb )7 (a) + (c): (d); (e); (£)) . 


P ( (d) u+ (f)n+(e) - (d)) ” 


By putting f (u) » (a^u+b^n+c^) . . . (a^u+b^n+c^) in (2.5.4), 
we observe that 


■fr~ iS -t : 


(u;h) 


(2,6.9) (xs (a) ? (b)? (c)-tl ? (d) ; (e) ; Cf ) ) 






(u+hr; h) 


(x : (a) ; (b) ; (c) + (b) r * (d) ; (e) ; if) ) 


r ((d)u+(f)n+(e)) >!l4n(n,k) 

V 

I™* ( (<^ ) u+ (b) n4- (c) ) iTstO 


P ( (a) u+ (b) n+ (c) 4- (a) hr) 

P( (d) u+ (f ) n- (f ) r+ (e) + (d) hr) 


(u+hr; h) 


(x: (a) ; (b) ; (c) + (b) r s (d) ; (e) ? (f ) ) 


Starting from (2*1,2) and using (2,5,3) for n»l 


we obtain 


P ( (d) u+ (£) n+ (e) ) 
P ((Q)u+(b)n+(c)) 


n P ( ( a) u+ (b) n+ (c) ) 

^ 

u,h P (Cd)u+(c)) 


P ( (d)u+(f)n+(e)) n- 

— /v^ 

fX (a) u+ (b) n+ (c) + (d) h) u7b 


( Ca) u+(b) n+(c) ) 

P ( (d) u+ (e) ) 


term of the R.H.S 


difference 


gives 




recurrrnco relation 













P ((a)u+(b)n+(c) + (a)h) P ( (d) u+ (f ) n+ (e) ) 
(f ) -f (c) + (d) h) P ( (a) n+ (b) n+ (c) ) 


P ( (d) u+ (f) n 


(x; (a ) ; (b) ; (b) + (c) * (d) ; (e) ; (£) ) 


s time 


learly by operating (x ■* D) 


(-n) h® P ( (a) u+ (a) hs+ (b) n+ (c) ) p ( (d) u4- (f) n+ (e) ) 

S ■ — — — 

P ( (d) u+ (f)n- (f)s+(e) + (d)hs) P ( (a) u+(b) n+ (c) ) 


(u+hs;h) 


(x : (a) ; (b) ; (b) s+ (c) : (d) ? (e) ; (f) ) 


P ( <a) w+ (b)n4’ (c) ) X 
P( ld)u+ (e)) _ 


'1 P ( (*i uf (b) j ) 

, r 






r(n/h+l) P ((a) u+(b) n+(c)) 


we can easily show that 


By induction method 


[f {u)l « TT [ ^ A -nh+jh 3 f (u) 


u (u+1 ) 


and simplifying it 


Substituting f (u) 


we get the operational formula 


P ( (a) u+ (b) n+ 


(>)" P ((d)u+(f)n+(e>> 





putting g (u) 


in the well known result 


(2.7.1) g(u+hk) 


P ( (a}u+ (c) + (a)hk) 


substituting 


Next 


(u+hrh-hk; h) 


r({d) u+(e) 

ir^o)u+(b) n+(c)) 


FurUxrr» 




P ( (a) u+ (b) n+ (c) + (a) hr) 


P ( (a) U4- (b) n+ (c) + (g) r) 


P ( (d) u+(e)) X 


(x; (a) ,* (b) ; (c) 4-{b) r;(t3)r (e);(f) ) 


P ( (d) u+ (f ) n- (f ) r+ (e) + {d) r) 


(y: (d) ; (0) ; (e) : (a) ; (b) n+ (c) ; (g) ) 


P ( (a) u+ (b) n+ (c)) P ((a') u+ (b ) n4- (c') ) 


P ( (d) u+ (e) ) p ( (d^) u+ (e') ) 


P ( (a) u+ (b) n4 (c) 4- (a) hr) 


u+hr 


P ( (d) u+ (e) -f (d) hr) 


P((a) u+(b) n+(c')) 
P ( (d*) u+ (e*) ) 


n+ (e) P ( (d*)u+ Cf*te+Ce*)) JL P ( Ca>d4-(b)n+(c) + <a)hr) 




— 


Next we know 




where R * r. + ,»*+ • 


. , •'■■'* i i I ' f i' 

(c) + (b) r; (d) f <e) ; (f ) ) {y; (a ); (b h (c')+(b )n- (b )r: (d ); (e ); (f ) ) 

It is easy to see that 

m+n - r ^ ^a) u+Cb) tn+(b^^^ ^ . 

^ 3 j J , 

u,h p ( (d)n+(e)) 


P ( ( a) u+ (b) nn+ (b) n + Cc) + (a) hr) 


from which it can easily be shown that 


(u;h) 

(2.7.6) (x s (a) ; (b) ; (c) : (d) ; (e) ; (f) ) 


P ( (d) u+(f)m+(f)n+(e)) ^ _ P ( (a)u+ (b)m+(b) n+ (c) + <a)hr) 

= — — — — y C)^ 

P ( (a)u+(b) m+(b)n+(c) ) rsO ^ P ( (d)u+ (f ) n+ (e) + (d) hr) 


. ^ (u+hr;h) 

X G (x : (a); (b) ; (c) + (b)m : (d) ? (e); (f ) ) . 

' ri' ■, ■ , , , V , ■■ a. ■■ ■" 


j ( (d) u4-(e)4 Cd} hr) 



Bu substituting 


in the above results, it follows that 


( (a)u+ (b) nin+ (c) ) 
p { (d)u+(e)) 


in another known result 


f (u+kh) 


eipliC a) W**- ( W n«4 (c) 4 C a)Wc)''' 


P ((d)U4(f)iaP4<«)> 
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(u+hk;h) 

^(m-l)n * (a); (b); (c) + (b)n : (d) ; (e); (f)) 


P ((d)u+(f)mn+(e)) 


P ( ( a) u+ (b) mn+ (c) ) 


P ( (a) u+ (b) mn+ (c) + (a) hK) 


"m-l P ( (d) u+ (f ) n4' (e) + (d) hK) 


(u+hk? h) 


(x: <a) 7 (b) 7 (c) + (b)mn- (b) n: (d) ; (e) ; (£) ) 


Further, the explicit form (2.2.2) of G 


the following alternative form 


P ((d)u+(f)n+(e)) ~e /d 


P ( (a)u+ (b) n+ (c) ) 


C p( (a) u+ (b) n+ (cWaJtir^ 


£*■ r -: j : i 

^ (e),(d)h P (Cd)u*»*(e)) (c) 
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n (d) u+{£) n+(e) ) 


P( (a) 11 + (b) n+ (c) ) 


P ( (a) u+ (b) n+ (c) + (a) hn) 
”” r* ( (d)u+(e) ) 


where 


Integers from {2,7,12) above, we can easily obtain the following 


P ( (d) u+ (f) n+ (e) ) P < (a)u+(b)n+(c) + Ca)hn) 
P ( (d) u+ (e) ) P < (a) u+ (b) n+ (c) ) 


D lA(C<5)h; (d5u+(e))? 


•n+r 


(c)»Ca)htt)? 





CHAPTER III 


RODRIGUES' TYPE FOR M ULA FOR GENERALIZED HYPE RGEO METRIC 


FUNCTIONS OF TWO VARIABLES AND ITS APPLICATIONS 


troductlon s Variovis authors have made successful 


efforts for finding out the new summation formulas and 
transformations for Kampe' de Fe' riet double hypergeometric 
series. In recent past Carlitz [26,27,28,29,30], Jain [55] , 
Pandey and Saran [77] , Srivastava and Saran [IO8, 109, llO] , 
Srivastava [ 107] , Shah [88j , Singal [98, 99, 100, 101, 102, 
103] , Sharrna and Abiodun DiJ and Sharrna £90j| gave a number 
of summation formulas and transformations of F [ iz, l] 


hypergeoriK 


mmatioh formulas and transfbrmati 


Some' of the sxanmation 


nsformatlons thii® obtiilned are belAewd 


d riaties*'/ Tybe.' of {1*5*5), we hnve 


Li-fslu’) 

r(<b)«> 





P ( (a) +u4-r) P ( (e) 4-u+r) u+r 
p { (b) +\3+r) p ( (f ) +u+r) ^ 


TO ( Ca) +u+r)- ( (c) ) 


( (b) +u+r) „ ( (d) ) 


(_) ^P ((a)+u) P ((e)+u)y 

P (( b)+u) p{ ( fpPP~ 


^ ( (a)+u) 


(-n) {(e)+u)^ C(c)) 


((b) +u) 


({f)+u)^ {(d)) 


Therefore the Rodrigues' type of formula for F 
given by 


(b)+u: (f)+u;(d) 


P ( (a) +u) 


P ( (e) +u) 


P ( (a) -m) P { ( e)-m) y^ 


Next consider 


n-t-u^ (a) +u, (c) 


P ( (a) +u) [ ( ii) -fu) u 

p ( (b)+u) p {(f)+u) ^ 1+A+C B+D 


(_) ( (a) +Tip ( (e) +u) y 


C-n) { { a) tu) „ ( (e) +u) 






(i) In Saalchut 


•m, a+u, b 


f +u, l+a4-b-f-iT> 


Applying theorem I, we obtain the transformation 


f : 1+a+b-f-m 


we can write 


f : 1+a+b-f-m 


believed to be new. It contaipd' Several Jcnown result, a few 

' ' ' I '’A '■ ' ■ ' ■ ' 

of them will be Ai'scyts 




Also i:or l+n-C-m^g (from (3,3.4)), wr have 


a : -m,f+g+m- 





which is the generalised form of a transformation e 
earlier by Srivastava and Saran £ll0, (2.1)]. 


Further, if we set H=l, 0=1, h-=a, c 


lummation formula 


■m , f +g+m-a-l 


m+n 


The substitution , £«a+c, and, , g*a .in the above result leads 
to another formula , of Srivastava and Saran fl08#p*43?J (in its 
correct form# as the, result given in their p^er is. erroneo.us) 


•m, a+c+m-1 


0, when' .',iw 


{a+c4*2nfl) r {8+c+n-i)"‘ (a) 


when m*n 


ii«tias';to another tranoforwation^ 


Further 




which i, 


c.=g, c„=l+g/2, c-=h 


hg-c+d+h-g-n, hg=l+g+n and zal i 


h, c, d, l4-2g-h-c-d+n ; 

l+g-c, l+g-d,G+d+h-g-.n, l+g+n ; 


-n, g , 1 +g/2, c, d, h» l-i-2g--h'-c-(3+n 
g/2,l+g-G, l4-g-d> l4g-h,c+d+h--g--n, 1+g+n 


a: -m,b? ’-n,f-.b,f+m,g^l+g/2,e,.S, , 




which i 


new 


Again in (3.3.4) the 
and z=l leads to 


substitution C=H=1, c 


f i 1+a+b-f-m 


Applying the following transformation 
series by Singal [lOl, (2.2)] 




fyi 


f’hr i. f'f oKr 



f : l+a+b-f-m 


which is one of the two main transformations established 
earlier by Singal [^98] 


He has also discussed its various 


ible 


theorem £85, p.49| 


P (c) P (c-a-b) 


c by c+u and applying theorem I 


a+u 


we get still another transformation 


The above, formula: for reduces,, to the 


fee rm>i n a ti nq,,f orm O: 




t,*b4-n)> O 










it is also follow 


that (take D=H=:1 


l+a+b+d-c-n and 7. 


P (c) P (c-a-b) (c-a~b) (c-b-d) 


l+a-fb+d-c-n 


(ill) In the formula (3.3,14) replace c by c+u and 
ultimately use the theorem I, to get the transf ormation 


P (c) P (c-a-b) 
P (c-a) P (c-b) 


we get the following summation fontula for terminating F 


P (c) P (c-s-b) (b) 
P (c) P Cc-b) (c-a) 







n+u 


where y is some function of x and is independent of u, then 


A"fC4'd'4‘K+ 1 D+H’tF'f'H 


From equation (3.4,1)# we have 


n+u, (a) +u, (b) 


A+B+1 F+G 


(„n)^ C(d)+^) 

Tl (TJ)+u+r) 




r-' ( '(»y +«+r>' 

> r 

P ( (fi ti.itt) 


Hruli. (qiK s 





. ogecxal Cases of tt r ..( 

theorem [85, p.87] replacing n by n-u 
the parameters, we obtain 


In the Saalschut 


c by f+u and adjusting 


n+u 


f+u, 1 "ta+b—f — n 


D ecau 


e of its resemblence with (3,4.1) , of theorem II, we get 
4.2), Wie transformation 


l+a+b-f~n 


or alternatively we can write 


l+a+b-rt 


By specializing the paraifteters in (3.4,4) or in (3,4.5) 
a number of’’^transfobWf can be •" 

obtained, and 



provided, f+g=l+a+b-n. The above result is due to 
Srivastava and Saran [^110, (2,2)]. 


with a slight adjtistment (3,4.5) can also be 


Again 


written a 


for f+g=l+a+b-n, which is a generalization of a result 
established by Srivastava and Saran [llO]# using a different 


method 


Equation (3.4 .4) after adjusting the parameters 
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c-=c+h+l 


c/2+1 


Further substituting C=H=3, c =c, c 


lightly 


h;=l+c+n, h 


modified summation formula [,104, (III. 11) , p 


(-)^ P ( 1 +h-n) (1+c) 


c/2+1, c+h+1 


P (1+h) 


1+c+n 


obtain the following summation formula for P 


f-a,f-b,c. c/2+1. 1+c+h 


f :l+a+b-f~n,* f-a-b, 1+c+n 


(_)’^ P ( 1 +h-n) (1+c) ^ (f-a) (f-b) 


P(l+h) (f) 


(ii) Prom Saalschutz theorem 


we" Obtain the transformation 


Now applying (3.4.2) 


'f^’l+a+b-f'-W-*^: 




(ii). il: 

rv; ^ v: it 


^-n+u, a+u, b ; 


(f-a) 

n-u 

n-u 



f+u, 1 +a+b-f-n+u ; 

1 

m 

“ TFwT~’ 

n-"U 

H-a-b) 


1 








of Theorem III • (i) Taking b=b+u 


and fcc4-n 'in the Euler 


t rone format. I on [^R5 


c+u 


C-fU' 








an interns ting result 


in the v;ell known 


(iii) Adjusting the parameter 

[2, (6A)J 


transformation of Agrawal 


a number of transformations can be obt 
ossible to give all the transformation 


(a) In (3.5,6) replacing a.b.c,ci py a+u, d+u, 
d d+u respectively and make the use of theorem III, we get 




'W® ,;€®Sily 9‘ 






Purtheir, if we take G=sHi=o, d=l+a+b“C-m~n and v=sl 


c, l+a-fb-c-m-ni 


Ti + a + b -c -m -m ) 


l+a+b-c~m 


the following summation formula for P 


m+n 


m+n 


m+n 


m+n 


m+n 


m+n 


which was establishjftd iby ''SliatiRa, 

, “ I 

S ri vas t-avn [^11 3^ also. 


attd;|aiter on derived fby 





in which the substitution G=Hssl 




ransf o 
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established earlier by Singal £l00, (1 .3)J 


(iv) By making the use of the transformation due to 
Bailey [l7, 7,2 (1)J 




in. theorem III, a number of transformations for 

can be derived, As -illustration we mention a few of them 

iv *. Vi"' ■ -(?■. 




{a),^Replace , a v^gna' £ 
in (3 . 5 , 1’4) then' 


rea|j'|}Ctively by ci+u and f-fu 

glve« , v.' v' 


'gj c*h, C-{'j 
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we allow D=H=2, d,=d, d^r=f~b/ h 


h 2 =l+a+d-b-h-ra and v=l In (3 .5 , 15) , we get the foUnwinr, 

trnnr, formation due to Slngal [101,(1.1)] (after ualng the 


h, l+a+d-b-h-m 


(b) Again replacing c by c+u and g by g+u 
.14) and applying theorem IJI, we observe that 


£, Hafb+c~f-g-n i 


Mi . 'M , - £ + g - #1 •|b4in ^ 

iij i 1 » : 


I f+gwar- t f 


d.r'd niul h.-m-o+fl-g-m, j.lu nb:,ve tr .m.-d v nn.il, I 








g : f, 1+a+b-fc-f-g-h ; 1+c+d-g-m 


g-d: f , l-g+c-n, f +g-a~b+m; g+n , l + a+b+c-m-f -g 


h.l ch ins bf lirvrd t.n nc'W 


3.6. Theorem IV ; If 


(a) +11, (b) 


1+A+B G+H 


( (c) +u) ( (d) ) 


n+u 


1+E+F L+M 




and I z ’ a'l-e ■ s owe , functions' of , . x 


whe re 


then 


isli 








we have 


P ( (a) +u) p ( (p) +u) 
P ( (g) 4-vi) P ( (q) +u) 


n+u, (rO -fu, (b) 


1 -f-A-l-B G+H 


) p ( (p) +u) 


( (c) 4 -u) ( (d) ) 


p ( (g) +u) P'’ ( (q) +u) 


n+ii, (e) +u, (f ) 


1+E+P^L+M 


on applying the formula (1.5.6) and then putting UsaO on the 
right hand side it becomes 


akinq ' type: 

o.zj.a) bpx’omc® 



r ( (g) ) r ( (tj) ) 


Hence, we get the required transformation (3,6.2) 


Cases of Theorem IV 


(3.5.14), theorem IV gives a number of transformations 


few of them are given below without proof (as the proof i 


imilar to the above w'c used in cesse of theorem III) 






» ' JS}! t t , -jS i 4» r 

-.-.^f^' .^4s5:. 


It ■ 








g : f,l+n+b+c-.f 


g, l+a+b+c-f ~g-n 


, 1 -g+c-n;,;f : i' 4'a+b4.c-f ; ; 









l+d+e-g-n ; 


For c=2b equation (3,6*17) reduces to known result of 
Sharma £89] . Later on the same result was also proved by 
Srivastava £ll33 by a different technique. 












CHAPTER ~ IV 


STUDY OF GENERALIZED BASIC HYFERGEO METRIC SERIES WITH 


THE HELP OF RODRIGUES » TYPE FORMULAE 


1.1 Introduction ; Toscano in 1949 Q.31, (14) J introduced 
the following difference representation for ordinary 
generalized hypergeometric series of one variable 


and derived certain properties of such polynomials. Later, 
Gasper [[45] also obtained certain results for these series. 
In 197 3 Agrawal {[23 derived some transformations and In 1974 
Agrawal and Manglik [^ 4 ] obtained three term relations for 
ordinary hypergeometric series using the scime operational 
technique. ‘ 


In the present Chapter following Toscano D^l], 
introdoc^^'% 0^0 ‘iypQ representations for 

ized basic hyjjergeomot tic series Iri term of dlf feu cnee 










formulae we shf^ll obtain certain summation formulas, 
transformations, generating relations and three term 

relation..^ for generalized basic hypergeometric series of 
one variable. 


Ijreliminar Y. Definitions and Results ; In 
deducing our resulf.s we shall make the use of the following 
notations and definitions : 


r (r+l5/2 


for cli values 'of a, '-real' or complex 


(4,2,2) (gv)a (v? < 3 ) Cl«^) J P (v) 


Q(vg”)/ QCv) « {v?q)j^ • 

Also for our convenience, Vc shfll) wr.He r({o)i}, {h)u 
i.n pla<'o of r((f)n) r(<b)u) ,,,, 

V.'lX IL^ j (('i)^O r^r e . 





(4,2.3) {q*x+y)" = (xq ^+y) (xq 


which for 


give 


By mathematical induction, we also have 


(4,2.5) (q*x+y) 


whe re 


r {r-l-2n)/2 


It is known^ as .the' q-binoiKial; coef ficient 


The basic ejcponenti^i functions are 'defined by weans^ 


’ i//- ^ i it's ■ 


(4.2.0) E(q,x) = 









We also make the u 


e of the ope I'a t or 


anc 


which have following operational relation 


Dsit iv 


(4.2.9) ^ f (u) = f(u+l) - f (u) 


f (u+r) 


11) (q^/\ ) Cu)g(u)] 


(4.2.12) (A> f('i) (A) f (w) - ( A ) f (^+1) 


r n{n..l)/ 24 .r 


K-r ■ , i 

f (tt+r) { ) 


4'^ 


oe induction) 


ese 


’ . '. ' we ' ahal laad .basic 

hyp 6 rcf€ ojfic t-jric 





where (a) abbreviates the sequence of A parameter: 


with similar 


Now, we give the following Rodrigues' type formulae 
for generalized basic hypergeometric series and other relation 


which shall be useful in subsequent sections of thi 


Q ((«)«! 

n ( (b) u) 







FI ( 


n, ( (t>) u) 


FF ( (a) u) (t/a;q} 
F^, (eu) (eu;q) 


n (a+u) n+ri (n--l)/2 


r— ru+r{r-l)/2 


In -vim'-of' 


the operational relation 
















which by the definition {4,2,1b), gives us the reguii'eci 
Rodrigues' type forniulaa (4,2.16) and (4.2.17). 

In a airtiilar manner, by applying (4 .2 ,13) on the 
R.H.d, or (4'.2.18) , v/e can easily get the another Rodrigues' 
type fonnula (4.2.18) . 

Proof of (4.2.19) and (4,2.20) , Proxn (4.2.16), we 

hnve 


(q A ) 

u 


n 


c 


fail!!! 

rq(eu) 



Iqteu) a' / 


which with the help of well known summation formula 
£ 44 , (1.4.3.12) , p.28j 



2'*^! 

yields (4.2.19) 


r / **n -I . „ — ,n*pd'^b\ 

$ (q ,b;d;q,q ) 




s» (d/bi q)^ Cd;q} 


rii 


i4>tvu 

I. 


' ; ^ -A -fl ' 

While the* use oft |4, >7 *13) -and' the q-analogue df 




Vl/t: 


^ , ;:c>. 


"liiiBil 






It is necessary to point out here that tlie result 


(4.2,19) and (4.2,20) can also be proved by matheifhatic 


induction method 


definitions (4.2.8) and (4.2,5). it follov/s that 


which completes the proof of (4,2.21) 


“.■■''Ss ■''j t • 


n-r 




(q*x; 

1 

;q*y.) 


(q;qi 


.q;q) 
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4.3 A Simple Proof of Balle v* s Theoreia . Th t; B a i. 1 e y ' 3 
theorem £i6< (c) , p.512] is 


(4. 3,1) 4P3 


-!v, b+n , a/2 , a/2-t-l/2 ; 
a+1, b/2, b/2+1/2 7 


(b-a) 

„ 


V^e give a simple proof of the above theorem, which is 
believed to be new, as follows. 


Consider 



P (b+l+u, a/2+u, a/2+1/2+u) 
P (a+l+u, b/2+u, b/2+1/2+u) 



P {bH-2+'u , a/ 2+1 +u , a/2+3/ 2+u) { (b+l+u, a/2+u, a/2+l/2+u) 

~ P (a+2+u,b/2+l+u, a/2+3/2+u) P {a+l+u,b/2+u, b/2+l/2+u) 

or 



+u)^/2+l/2+u) 


+u]|^2+l/2+u) 


Prom (4 , 1 






P’ (a+l+u, b/2+u, b/2+1/2+u) _ P (b+l+u, a/2+u, a/2+1/2+u) 

\ P (/+l+u,i^/2+u,//2+l/2+u) Vi P (a+l+u, b/2+u,b/2+l/2+u) 

= yaa" " 



104 



imilar manner, we observe that 


a/2+l/2 

b/2+1/2 


Hence by mathematical induction 


theorem {4.3,1) 


proved 


s«jjmation 


this 


aiterna’tiv® 


hm* 


{ltrt-b-c)u 


1 

P (6 v<y,.4fa"i^4:,s'ii'S^, 





|■:(uVa 


auq/b 


l+a/2+u 


,c+u 




l+a -c+u 


f? (au,Qu /a, -qu i/a, bu, cu) q 

■' — ■ . ' ■ ~ ' 

P (u v^a, -u /a, aqu/b, aqiVc, auq ') 


bim 
u— > 0 


In a similar manner we" see'"' that 









Hence in general v/e can v; rite cnee it; 
positive integer (by mathematical induction) 


•u i/a,auq/b, auej/c, auq 


(aq; q) (aq/bc;q) 


Applying the Rodrigues 

L.H.S. Of (4. 4, 2), we get the summation fonimla (4.4,1) 


type formula (4.2.17) on the 


Certain Transformations : Through operational 
technique following transformations have been derived for 
basic hype rgeome trie series of one variable. Some of these 
results were obtained by Askey and ' Wilson £l5aj by 
different technique and others thus obtained provide, the'" 
q-analogues of;the known results which otherwise? are not\:~ : 

easily deriveW?: ■ , ' ' ' tb ' 


n+c ff -a-b 


(e/a;q) 

riTcirr" 



(q— analogue of another result due to Agrawal £2, (6b) ]j 


. €t .•f/ab I 







provided e+f+g 


l+u+b+c-n 


f-l)' ■ (fc3/t)C;q) 


g. aq /t, fg/bc 


ic analogue of a result of 


when 


(due to Askey and Wilson ,£i5a, (1,28)] } 


(a; " ) f j|>, (t/a; b;q, - 2 ) 


(basic-analogue, of Kuwneir’s formula 


Front (4.2.17), we Observe that 


109 



Alternatively the application of (4.2.11), give 


r(r-l-2n)/2 


r (aucj^) 


3 A ^ 
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, , , T: 0 „, prove (4*5, 2);-, zakinq . ,: £ (u) ==. f iau) / j 

g (u) = r (eu)/P (f u) , in the 'jperational foriuai 

. . ' ■ Si ■ ■ ' ' , St ' , 

and applying (4,2.20), we get 


r (r-l)/2+ (b+u) r 


(«+a) n 


But from (4.2.18), we observe that 




Ifliiaiiili 



which witVi tiie help 


gives rti-quirci 


To prove (4,5,4).^ a].rplying the transf oriiu; tioii 


which on act justing the parameters jive 


It is important to note that foe t- ~ l-h.; t-h-l' -a , 
{4.h.3) reduces to the following q-analoguf, of .Ini' Lschutr. 
tl u- o'rem [,4 4 , ( 1 . 4 , 3 , 4 ) , p . 2ti 3 







MiMi 


) putting f (u) 


which on using (4,2,16), (4,2,19) and taking the limit 


tending to 0, gives us 


'iiilttg' 


I 
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i: U‘ + l 


e+x+g+n-a-b 


r^-r (r-l)/2+ (n+e+f -a-b) r 


e^-f ^-n-r-a-b 


whic^h on applying the transformation (4.5,3) , changer to 


r (r-l)/2+ (n+e+f-a-b) r 


(b;ri)^ (a+r)'Cn.r) 




(e/a;q)„ (f/a;q) 



n+r 


n+r 


1-n+r 


1 -n+r 


bove relation after adjusting the parairc-ters a 


appl ication 


(Va;'4)'„ Cf/aia) 


If f J 


'mm 







bove equation (4.5.15) for particular value 


1+a+b+c-n 


(a;q)g (g/b; q) (g/c; q) 

(aq^"'^/e?q)^(aq^"‘V£jq)s 


which completes the proof of (4.5,5) 


On adjusting the parameters in equation (4,5,5), 
can eas ily get , required,, t^pansf o«at.ion» j4 ,5,. 6) , »04, (-1 . ‘i . 7 ) .. 


f(a) = Q(au)q<'^®’“/q(bu) In (4.2.-22) 




iiiuq ) 





/ U-v 

= eq(-2q ) 


2-4.. TqTqT^ 


x u+£' u - 1 ^/ *- JJi. 


(buq ) 


To fh-a^u / Uv X* / , b-a+u, 

c 3- ■' e (-zq ) -C^- (a;b;q, 2 q ) 

T^(bu) Ti 

Also from (4,2,19), we can write 


xr^ 

( 4 .s,.n) A 

n=:0 


_K 

IqTqT 




2-4 lq7q)„ 
n~o " 


. , . P ^au) (b/a;q) 

n (n+b-a)u 'q 

P (bu) (bu;q) 
•q n 


..^ _^ (b-a)u A (b/a; bu ; q, -zq'^) V 

r^(bu) ^ ^ 

Now equating (4.S.16) and (4.6.17) for u-0, we get (4.5.8). 


4.6 certain 


jansions * In this section 


wa uhall da rive .ra ; generating funotlon ol gene cal it ed 
hypergaometric aeriea and a fe« aanoMl. tyP® expaneio.. 

theore™3,^asai,j4o9.f®*r# 

; Putting f(u) ' r^((a)u)x'Vr^(<b)u) ..na t-i. 
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ru+r ( I 


(7((b)uq'') 


n,((a)u) 


((a)u 7 (b)u; q,-t:xq } 




Also in view of 


17 ( c<^)u) 


7^ (b)u) 


f7((a)u) 


(a)u; (b)u7 q«xq ) 


r((b)u) 


we Qf^t the following generating relation 


lien Cl; 


Theorem I s if 


(t)G (xt) 


then • 



Proof 


1, equdtioi 


can also be written a s 


G (xt) 


Multiplying both sides by r ((a)u)/P { ( b) u) and 


Q{ ( a)u) 

n.{Cb)u} 


n+r ,,n+r 


j'l((b)u) 


This yield 


c ,U5 











rory a 


Theorem II 


(4,6.5) E{q,t) G(xt) 


then 


6) E(q,t) F(xyt) = P ■ 

n, r=0 


r (r-l)/4-fn(n-l)/2 


n+r 


where 


i Ca) q) n 


Proof . Multiply both sides of (4.6,5), by 






in equation (4.6 


it follow 


the t 


n,((b)u) 


n ( (a) u) 


r3i4-r 


r: ( (b) u) 


which leads to the following theorem 


Theorem III. If 


(a); Cb);q,yq”) 


4 . 7 Applied tiOhg » a MeS;- Of 

■' V/ ’■ i ' -I ••'iC ' "j, ''' '"i- " 
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by X q find opurd tincj wildi q 

Obtain (after using the result (4. 


n L-Liiic 


Now putting u=G, and adjusting the 
following three term relation 


''i’’ ift' tiqmtibn/' (4^7'^ i} andi 

‘ 1/^ f ^ ,y j , ■ 

5,2)V gWes another three 


: The subst.it«tiSd^S»* 

the use of the transformafciph (4 


term relation 




rL-n 


q"”h aq,. ' b ■, . 

1^ 1 

r ~n , *1 

q ,a*bq ; 

■ .-q/X 

~(i-q ) 342 

_ . q , ; 



0 if .. f Igf 





aalschutz theorem (4.5.13), yields 


which with the help of 


the following interesting result 




(eq /a;q) 

IcTqTT 


Again, in the relation (4.7.1) taking x-q 
e-l+a+b-f-n and making the use of the transforriiut.lon 


(bq-"/f;q)^ (ci;q)„ . 

s — 3'I>2 

(fq/b?q)^ (abq^ /f?q)n i 

(bq /f;q)n q 

, r a, b .1 

n a . i f , 







— 


Vv^e, get the-. J^ol l Qv/ i ruj ■ q - 

1 and Manglik ^4, (4.1)] 


l-f-a "f ij-* 1 " 


affix n indicates that only first n term 


tart witn the identlLit' 


Q(au, bu) 
n (eqthfqu) ' 


f^au, bu) q (au, bu) • 

r(eqibfu) r(feu,fqu) 


'Ur rvi '-iti, 
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1+u+b-f 


a+ d+ci+b-f ) n , b-£~n 













CHAPTER - V 


iNVULVl NO 


UMa AND EXlJANaiUN: 


OME Ti^AN aPOld^lA '.I'i UNS 


BASIC HYPERGEOMETRIC SERIES OF TWO VARIABLES 


There exists a considerable literature 
on the subject of transforinationSf suiwnations and expansion 
of ordinary hypergeometric series of two variables. But 
the literature in basic multiple hypergeometric series 
seems to be a lot less extensive. 


5,1 Introduction 


functions Oit two^ 

= ' ' 1 . w 4 ’■ " , * '’i it j 

I ^ ) ’ * • 

V . I. * '' '' i 


variables 






( (c) jq) 

(ThJTq) 


( (b) ;q) 

l(y) iq) 


1X1+ n 


(qi q) 


tq?q) 


rn+n 




and the definitions and notations are those, given in the 
previous chapter. 


From <4.2 #10) , we have 


P, aa),W,, (b)«i, 

^ 

p iii iiii i igii iii tfl i W^ 


(mu+nv) u V 


,r <*-i ) /2 -«»?-«»« 


in+n-r-S' 


fj. %f ;v:j 


C,: 













(q*"^; q) ^ iq'^^iq) ^ ' { (a)iivi q) ( (b) u;q) i Cc)v#q} 

(q; q)V (*1? q) , i (f ) UV| q) ( (g) U; q) {(h)v;q) 


(f)uv 


m-fn 


((a)uv/ (b)u« (c)v) 
P ((f)uv, {g)vi, (h)v) 


(mu+nv) u V 


’which is the q— analogue of the result already given by 
Agrawal {j] * ' :Wj* 


K .. T . certain g^ransfoyptlona t this section by using 
the Roarigues'' 'i;Vpe‘':*o2«l»l5^.2;^ certain , . 

transformations'^of basic ;|ypergeome trie series of two variables 
.entionea apeoiai ceeea 











111 + 1 i “ l > 


From 


r^iioyy) 

Pa i <h) V) 


r Caw , bu) 
*a 

rCfuv, gu) 


PCauv# Cc)v) 

„„,, — 

flCfw, (Wv) 


(rq+f +9~3“^) 


auv, bu I 


m+f+^-a-b 


appUc5tian,»* ; 

t\(s.3,4Vr^.e#i»Wff‘4-"i ■-I;:**'. ■ 








(h) v) 


Cin+f fg-a-b) u 


" F 7 ^((c)v) 


auv 


r .v+s 


’/f;q) 


ih) v) 


7t j tnvq 


fonrauj.® (5*2* Jj# w© s»©© Cb©t 


’■5 * , Si tf : i /> 

(f+a-a-b)u-nv v i 
Rtisw, gu. (b)v) ■ ; ■ 



auv 


DU 


m+t+g— a 


Hence on equating {5*3,5), (5.3,6) and (5,3,7), we get 

the required results (5,3,1), (5,3.2) and (5.3.3), 


Special Cases 


we have 


n+f +h*"a'~c 


(g/biq) 


n+f-j-h-a-c 


result due to Singal £l01, (2,2)3 




,nt£4'h»a«*c 




-“, 0 , 1 /. V 


(g/bj q) 
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1 -♦•n+h~iii-£--c 


f replaced by l+a-m-f in (S,3,2), we observe that 


l+n+h~m-f ~c 


1+n+h-in-f-c 


Again using the transformation (5,3.2) on the R 

,10), we get another interesting transformation 


l+n+hHsi-f-c 


/f;q) 


5.4 Certain Suronatlftn. fommMM » In section 
we shall obtain/;;^# "foil, .©f/^basic^'’ 
hypergeometric series of/. of the results: 
thus obtained results given 

Srivastava and otherwise ^ 



^■1 


(i) Under the conditipnn 


f+g - H-a+b-m and f+h = l+a+c-n 


(q;q)™ (f/a/q)„ (g/a;q)^ „ (b;q) 


ro+n 


(bc/a;q) 


m+n 


m+n 








(f/a;q) 
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(ii.1) If we write 


m+n 




Cf/ab;q) 


m-fn 


Cqi (£/to? q) ^ (df q) 


ro^n 


Proof I’-'Xo 


g ss i+a+b-f-ra in 


(<i"A ) 
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(c) v) 


auv 


n(abuql -'"/£) 


auv 


fl (abuq^“^'yf) 


(f/a;q) (fv/b;q) 


Tfuv;q) 


'(f/abu; q)‘ 


r(bu) (f/a;q) q 


r (abiaq-^* 7f ) (f/abuiq) 


auv, fvq /b, {c)v) 


r Cfv/b, fuvq' 


(4,2#a,5) and ,, u * v • 0, we get 


isJow using (5,2,1) 




tg /b# ic} I 


(f/a;q)„ it/hiq) 




For partic 


K ormation as 
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provided, f+g « l+a+b-in 


which after putting special values and adjusting the parameters 
gives required sumnciation formulas {5,4.1), (5,4.2), (5.4.3) and 


Next if we substitute Ct=Ha 2, c.** f-b, h.* f+in~b 


h 2 = l-m-n+a+c-f and C 2 *= c in (5,4,9) and using Saalschutz 
analogue, we get siommat ion formula (5,4,5), 


n-tf+h-a-c 


Now taking C=Hel, c, h and y»q 

(6,4.9) and applying the transformation (5,3.1), we get 


m Q 




(f/ab;q) 


(li/c; q) 






which for special values 



. Finite Extv^ nnionr, t In 

this section we have obtained certain genera ting nnd finite 

expansions for basic hypcrgeometric series of two variables 


Subs ti tut ing f iu ) 


in equation (4,2.22)# wo aet 


r ru+r(r-l)/2 
(q;q)^ 


f7, ( (a)uvq 


r ( (f)uvq 


j:„n!V+ins+ru4-r ( r~l) / 2 


P ( (a) uvq 


P( (f)uvq 


.i'?. : 








f Rodrigues 'type formula (5.2*1) on tb 


of it, gives the following generating expan 


etting tn»n, multiplying both sides 


and performing the sunwation from 


(u+v) n+n {n-l,)/4 
S— * — 


r 









r+s .p+r+s _us+vr+p (p-l)/4+r (r-4)/4+.'j (n-l)/4 

, , 

(q.q)„ (q,q) » (q#q) „ 


IX+V. 


r({a)uv, (b)u, (c)v) 

, _ , ' 

r ((f)uv, (g)u, ih)v) 


v/hich on using E f (u) » f(u+l) and putting u 


aivrs 


an interesting generating expansion 


qi xq 


r+s 5p (p-l)/4+3 r (r-*!)/ 4+3s'Cs-l) /4+p Cr*+s) 

..q — — — 

(n;q);„ (q?q)- (q^q)* 




For finite expansions# starting from (5*2,1) end 
applying the operational formula C4i»2*ll}# we obtain 


{g)«# 


(a)uv : q 




q«a)uv,,(ttu,(o: 


(f)uv * 












— 1 

i— 1 




which by use of (4.2.16) 


(5.2,1) and the substitution 


y = y =0, yields 


We know that £44, p*28] 


using the above summation formula, we get the expansion 


((a)?q) (CWiqJj. (aAu'O^. 


';f- V-U 



r q((€) uv. (q)u, (h)v) 
r ((a) uv, (b) u, (c)v) 


m+n 


n ( (a) uv, (b) u, (c) v) 

l' 

r ((f)uv, (g)u, (h) v) 


we have 


Hence after putting u • v » 0, we get anbther expansion 


,f|XW^f 


(b) ;q 






In 'a similar 




( 5 . 5 . 5 ) 4 


(f ) ; 


(b) } 
(g) ? 


q;X, 3 ^ 



((a3;q)_((c);q) ((d).q) „ ^ 

X > i ] E —E— E- y*^ q-">^ 


q . (e) J 


E+ 1 ■ D 


( (f) ;q) ^. ( (h) rq) ^( (e) ?q) „ 


(a) : q , (b) ; (c) , (d) 


q;X.yq 








Most of the expansions given above are the q-analogxies 

Agrawal w . 


of the results given by 






CERTAIN GENERATING 


Ci-iAPTER VI 


I nt rodiict ion : Generating functions; play a very 
iniport ant role in the' study of hyper geometric type of 
functions and polynomials. From generating functions, 
various important and useful properties of the sequences, 
vdiicb they generate, can be obtained. As far as multiple 
geriernt;! tig functions are concerned, suff Iclent x^iork is not 
avnij.-ibic in the literature and a lot is still requJ.red 
to be done. Tlie main work in this direction has been done 
by Srivastava [lie], Srivestava and Slnghal [l24j , Carli ts 
[ 31 ], Thakare [l28, 129 ]/ MaryfejiRar and Thakare [65, 66] and 
PJxton [ 43 ] . These multilinear generating functions contain, 
as special cases, a large number of one dimensional results 
which arc very interesting in nature. These results can be 
expressed as the combination of the elementary functions, 
for example [ 43 , (6.2,2) , p.189], . 

00 /a,4-(b,+l) m. \ / a_+(b_ + l)m \ m. m 


■Jo ^ 
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ome general 


to establish 


otir axm .1 


:)f bilnteral generating relations Involving T,jnqt!er,t 


inci ('nnctions of; sever. al variable 


J a o b 1 ri o ,1 y n orn i a 1 


iso derived certain multiple generating function 


tire product of Laguerre / Jacobi polynomials and Lauricella 


obtained are very general in 


function 


nature and in particular leads to several known result 
Since it is not possible to mention all possible cases 


ed as illxxstration 


1 few of them have been discu 


n ! 1 n tenl Gr-nernt \ ng Fu n c 1 1 g n s„ . b n u r 1 c.e 1 .1 a 


action we shall 


Functi ons and Laguerre Polynomials In 
derive two bilateral generating function 


mentioned below and 


some of their special cases 


also discu 


j^w+nj 


(1+a) 



l-t.+yt r 


CO (w+m. + 

E . J. 

~Tl+aT 


well known renult of Chaundy [35] 





(ii) The substitution v = 1+b+m, b-™l+b, r**l and 


fx> (l+b+m) 


{x) ,F, Ci+b+m+n f 1+fo f -y) ■ t 






[,l 4 -b+m : 1+b, 1+a 


a n€*w .re 


tr a n.a f ormat ion 


Further the use of Kuinnier 


of. (6,2.4) lea cl.s to another, kno-wn re 


Manocha 


(rn+n) I 


(a + 1 ) 


m+n 


^2 l]l+b+ni : 1 +b, 1 +a 


Cl+b) 


ha.'S also been derived by Srivastava and Slnghal fll2, (34) j 


Replacing c by w+ro^+ 

Brafman [l9, p. 180 
to Rainvillc [g 5, p.213] and Wei.s-.er's 


in the well known fornmla due to 


a+‘l ■ ) ' xy t/ ('§-%)"'{ 1 ~ t +y t ) )' 


exp [-xt/(l-t)] 1 ^ 1 ^*^ 










(1) Putting x^= ••• =x^=0, and taking 

,1 , vt obtain the well known Hllle-Hardy 


Lim jwj • — > CO in 
formula [b 5, p. 
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(i) If we replace a,b, w, x and t 


Wfc' obtain 


(1+y) x) 


e of well known transformation 


leafts to the following result of Despande and Bhise 


by -X, -t, b and a, in (6.3,1), we get following result dw, to 











(iii) Next* if v;e let x=l 


w+n: c 


.w+n 
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**w:Cv “ - 4 ; 2c j “1 , * • • / 2c^~l ; 


X [ 

A ^ 


1 “ 2' ' r • 2 


2y^/ (l+y^ + * « '+.yj.) f • * * / ^Yj.,/ n +Yj + * * '+Yj.) J 


In view of thf rf null; {6.3.1) hhe R ,H , S . become n 


,,-vi „ ( r+l ) r 1 

V F . Lv;:c,-™, * 


A 


1 2' 


, c -b? 2c, -1 , • 
r 2 1 


, 2c^~l,-a~b ; 


2y^/v , - • ‘ , 2y ^/v , t/v ] 


Hence tbe result (6.J.2) iy proved, 


Further using the well knov;n generating relation (6.3.6) 
and taking 1+ (x~l ) t/2.-R, the L.H.S. of (6.3.3) became'3 



m. “* ^r m (m+m, +• - •+m„) 1 m m 

^ 1 £ . i _£ — V ^ 

Td, ) ...(d )_ m!m, 


^ 1 m, ' ' ' ■ ■ r' 


a+b+m-m^- • * • -m^ 


1 


[-2 J p+]j 


-a+m. + 


(l+a+b+m-m - • • • ~m ) 

1 r m-f m.! -f** • 
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(a-n, b~n) 

s 

m+n 


m+n 


(l+a+b+m) 


a „a+b+m 


Hx+I) 


If we write 


+ . . .+m^ (-a-b-ni+m^+ • - * +m^) ^ 


(“a-b--2m) m. 1 . , .m _i p' 
■ 1 r P c 


^ ^ 2R ^ ••• '' (“ITTfTTT ) 




r / 2 .p 

- tr: r"-““-yf i nirir-n I 

R (x+1) 


/ X+1 , ra i x~l 
^ 2 ’ ^x+T 


,j -a ^a+b+m <^+a+b+m)^ P (^+1) T 

mi A ^ 


a- b-m I 


Cj,...,c^,-a-m,-dj,...,d^,-a-b-2m; iisaTy^,.... t||::l ) J 

Thus (6.3,3) is proved. 


§. Pac:ial Cases ; (i) Putting c.=c, c^=d, d.=e, d„=f, 

yi=y, y 2=2 and ♦ •=y^=0 in (6,3.3). 
bilateral generating function proved earlier by Manocha 
[69, (2.2)] 


1 “*^" ^ 2 ^^ J-j .1 VO* we get the following 




CO / A , (e-n, b-n) 

V™' i!!*±2l‘ p (x) „F 

Z I 

n=:0 ■ 


2 1 


-n,-c ; 


•c-d ; 


l-v 


{l+.i+b+m) 


( j"- ( gf [l+(x-.l)t/2] 


a+b+rn 


m / 


X F.^ C" a-b-tn: -c , -a -ni; -c-d, ~a-b“2m ; 


t (x-1 


(:i»y) (1 4~ (x- ] ) t) (1+x) (l+~(x~l ) t) 


-1 / 


low rcr 


cpil ac 1 n g t by t ( 1 -y ) /2 , wc 


^ (m+n) ! ^ ^ . n 


(^-3.12) (X) 


(y) t‘ 


11=0 


n 


(l+a+b+„,)„ Pfl)"’ (^)'’ [l-Cx-l)(y-l)t/4 


X F., [-a-b-rn: -c,~a-m ; -c-d, -•a-b-2m ; 


t 


2(l-~(x-l) (y-i)t) (x+1) ( 1-4 (x-1) (y-l)t) 


2 

1 

4 


Fill, Ihnr Ihf' jnibntitut l.on ni.-rO and thr ur:o of Lho 

transformation of Appell and Kampe de Feriet £l5, p.35, (10)1 


» I 

F _ Pn ! b . b>f n . C r x. vl 


. -JL- ,y j in (6,3 


.12) 


(1 -x) 


F, Pb t b,a“b;c 
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yields the following result established earlier by Manocha 


rma 


£l. - (x+l ) (y+t ) t/i j " { 


2( x-f1.)t 
(x+lFiy+f) t-4 


6 , 4 Cn; r to:i,n Mu lti pl e Genera Ling Functions Involvi ng Laguerre 


I_pJ_y.f>onu al_£ : fly n’.oKing use Of the results of section 6.' 
establish two multiple generating relations for Laguerre 


The results thxis obtained also involve Lauricella 


polynomial 


and not only provides the extension of the bilateral 


function 


but: are al 


generating function 


general in nature 


w+n 4 



true for s^i 


ume that for 


holds, that 


^ .1 ..111 


n™iu. lU .*.,. I 

i'!r« -.«• „,-3 


Now replacing w by w+n, , , multiplying by 


n 

(w)^ ■ t L J / (1+a, ■ ) 

V(-l "k+1 ”k+l 


summing the series (niter ac3j listing parameters) fn 


to 00 , we get 


"i' *“'"k/"k+r" 


a ^ ) 

1/ n 


■+n, +n, ^ 

k k+2__._ ___ ___ 

» . ( 1+a, ). i 1+a. ) 


(a . ) 

h„ '■ (x. 


(^v) ^"-Vj. 1 ^ n, n. n, / 

"k+1 ^ ** *^k \+l 


i X ; ■ 

,X [w+n^ + * • .+n^^+n^_^^ : b^ /. . . , b^ ; y^, - •> , ] 


r:r> 

V 

(w) 

I^T -1 

k+1 


( 1 + a 1 - 5 

'ly, -1 = 0 

k + 1 

k+1 n. 

(r+k) 

1 

2 

[^+\4 3‘X 


k+1 \ k+l. - ^^k+1^ y 4 

’ \.a 


^ 4^ [w+nj^^jib,, -•.,lY.l+Oj,...,i+a^,- y/\. 

v.;h;ich after usina (6,2.1), gives us 


Pt 

I- 


I 


™v (rrk+1) 

L.H.S. - 


















mi 



holds by mathematic a 1 induct i on 


(l + b4-n)) 


F {1+b+m+n : + 


: b+l/a.+l 


wnich at ter using Kummar’s formula (6,2.5), we get the 

iollox'/ing multilinear generating function due to Sriva 
and Singhal [I24, (5) j . 


m-fn , + 


[b+m+1 ; b+.1 . a , +1 


exp [-xt (1-t^ ) j 


CO n^ n (a^) (a^J 

^1] '■'n/' V'' <’'s> 

n-, * * • ,'n „'=0 


X [v/; ~ , -n^ , ' 1 +® i ' * ’ * '’ g' 


x^Y^tj^T^/(l-t^) ", y2’^l ' * ’ * ' ^ 


where = (l~t^ ) / (1 -t^+y^tj) 


rhe (s-1) times repeatition of this process would give 
cequired result (6.4.2) . 


RemarK : In particular if v/e take l+a^~a^ 


, 1+a 


. -“X^^O and use the well known result ~ {.1+a)^^/n! 

in (6,4,2), v.'e obtain an interesting multiple generating 
relation 


(6.4.5) 


5) \ ™ t, 

' JLimA n ' .X ; 

n, ,--,n ==0 1 

,1 ■ ■■■ ■ ■ s 


X F [w!-n. 


, ■>n_ ; a. , • • * , ; y. 


— y„ 1 
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olynornia 


G Gencr 


e derive following multiple generating 

Jacobi polynomial instead of baguecre 


function 


w+n. + 


vi+n 1 4 






II 



Using the Brafman's generating function 


the R.H.S. becomes 
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w+n : xj+n; c 


Yyf (x-l)t/2, (x+l)t/2 ] 


‘••Yi- ((Xj-l) t^/2)^ ((x^+l)t^/2) 


q 


^ "’r ^ p i q 1 


(a ,b,) (a ,b ) 

V 4- I- ® P ^ ^ fx 1 P (x ) 

£ '. ' h . 


Repeating the above process (s-l) times, we get (6,5. 


Proof of (6.5,2 ) : The proof is similar as that of 
(6.5,1) , but this time we make use of the generating f unctlon[ll‘j 


^ (w) ^ ' (a-n,b-n) n r n 

> Y"T"“ ^ (x) t =P. j]w: --a,-b;n; -(x+1) t/2, -(X“l) t/2 J 


In fact (6.5.1) and (6.5.2) are the extensions of the 
following results established by Saxena £87] and the same were 
later on obtained by Srivastava and Daust £ll8j . In particular. 


when s=l, Xj^-x, nj=n, tj^=t, aj^=a and bj^=b in (6.5.1) and 
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( ’r4‘ 2 ) 

= [w; c^, • • • -a, -b; u; , • • * , y^, - (x+l) t/2, - (x-1) t/2 ] 

Next, if we trake r=:l, c^=l+a, y^= (y-1) / (y+l) , 
w=l 4 -a+m, u=sl+a+b4-m In (6,5.1) , we get 


(r) _ 

^ I'd . u+n; 


(6.5 .6) 



^ =0 •** 


n 


s 









X (l+a+ni+n,+- • *+11 , l+o+b+m+n. +• • •+n ;l+a; ) 

^ i Is Is y-fl 

■ ( 2s-f 1 ) • ' 

” [^B+b-Mn+l f B-fni-fl; 84*1 / B.. -f 1 4*1; fc>- 4*1# ♦•*^b 4"1 ; 

X, 3- ■■X.'''...'., S' 

y+l^ ** ^ ^3 ' * * * '^ ^ * 

On employing the Euler's transformation £85, p.60j 

—a 

(6.5.7) ^Ppa,b;c;z) = (1-z) (a, c-b; c; -z/ (1-z) ) , 

and taking t j^=2Uj^/ (y+l) , • * • , t^=2u^ (y+1) , after adjusting the 
parameters, we obtain the following multilinear generating 
rc'lations due to Mandekai* and Thakax'e £65,(3,!) p,733j 



(a+b+m+1) 


j[a+b+m+li a+m+1; a+l# 


(a+l) 


l+a+b+m 


write x=l,w=l+a+ni/^ ' 


Further 


(y-1)/ (y+'J-) 


(2s+l) 


£l+a+ia! l+a+b+ni 


believed to be new 


vrhich i 



+a+m: 1+a+b+in, -c 


Proof of (6.5^ 3) : The result can be proved ea 


rnatheniatical induction and details of the proof have been 


and m-a-b in (6.5*3) and use the well known result 


a-b-t-m+n.+ 
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2/ (x+l)R„, (x-1) uy2R 


where R =1 


Ultimately using the Eulers transformation (6,5.7) and 


we get the following 


multilinear generating relation due to Srivastava and Singhal 
[l24, (30)], which had also been derived by Thakare [128] by 


a different technique 


ra+n.+* • ‘tn 









CHAPTER ~ VII 


CERTAIN DUAL SERIES EQUAT IONS INVOLVING HAH N POLYNOMIAL S 
IN DISCRETE VARIABLES 


'^•1 In troduction : In recent years considerable attention 

has been drawn of several researchers to the solution of 
problems involving dual equations involving, for instance, 
tr.l cionomeL i:J c neriesv the Fourio r-Be ssel nerien, the D.ir'i.l. 
series and series of Jacobi and Laguerre polynomials. Many 
of these problems arise in the investigation of certain 
classes of mixed boundary value problems in potential theory. 


For a good account of such problems, one can refer to 
Sneddon flOSj . In particular, dual series equations in 
vihich the kernels involve Jacobi polynomials of the same 
indices were first considered by Noble in 1963. 

Subsequently Srivastava R.P. £i 26^ , Dwivedi [^38], Thakare 
[127] also considered dual series equations involving 
Jacobi polynomials. hastily Srivastava, H.M. [ll4, 115] 
considered problem of determining the unknown sequence 
satisfying the general dual series equations 


(7.1.1) 


CO P (u+n+h+1) (a, b) 


E 


A 


P 


n=0 ^ n (b+n+h+1) 


(x) = f (x) ; -1^ X y 


( 7 . 1 . 2 ) 


oo P (v+n+h+1) (c, d) 

Vh Y/ ’^4 1 » 


(c+n-fh+l) 


■ 


where h is an arbitrary non-negative integer, f (x) and 
g (x) are prescribed functions and in general 


min a, b, c, d, u, vj y- ~ 1 


To solve these equations H.M.Srivastava applied the 


technique of Noble, called multiplying factor technique 


with adequate modifications, 


It is interesting to note that the problems dealt 


with so far had been those involving cont inuous variable s 


In the present Chapter we have attempted to deal with a 


problem involving orthogonal Hahn polynomials in discrete 


van 


ciables, defined by {^59] relation 


(7,1.3) Q^(x;a,b,N) 


-n, n+atb+1, -x ; 

1 

a+1, -N ; J . 


7.2 Statement of the Problems 


Theorem I : Let be an unknown sequence satisfying the 


dual series equations 


m - I I 






(7.2.2) 


Nr'h (v+1)^ , (c+l)„.v» 

E ^ = gW , 






' ■■ ■ '■ 




aiittlllliils** 




where h is an arbitrary non-negative integer, f (x) and 


cribed function 


U4-V 


1 , u-a+m > 0 


and in general 


are determined by the relation 


then the unknown sequence 


(a+b+2n+2h4-l) 


(a+b+1) 


(a+b+1) 


(v+1) 


(n+h) 1 (a+b4-N+2) 


N-z+v 


^^"|-34’b4*l — 1 


N)F(z) 


z+u 


N)G(z) ] 


v;here 


K 'x+a ‘ : z -x+m+u-a-l 


) f (x) 3 


N X“«4V~d4'1<-l 



equence satisfying 


tie a known 


Theorem II 


the duel series equation 


(u+1) 


(c+1) 


(v+1) 


Tci-f 1 ) 


non-negative integer and in addition to the parametric 
constraints given by (7.2.3), (7.2,4) and (7,2.5). 


Chen the unknown functions (})(x) and 'V(x) are 


given by 


x-z+a-u+r-l 


s+u 







x+a -1 r x+a+r Y N-z+v 


z+u 


whex'e r being a non-negative integer such that 


(— N) (a+btl) (u+1) (a+b+2n+l} 


nl (a+b+N+2) (v+l) 


(a+b+l) 


N+a+b-fl “1 


s y N-z+v 2+u -1 


N z-x+u-c+s-1 


N-z+V 
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where s is a non-negative integer such that 


(~N)^ (c+d+1)^ (c-s+1)^ (c+d+2n+l) 


(c+cl+l) 


n! (c+d+N+2) 


N+a+b+1 -1 


Result 


problems of section 7. 2# the fiollowing result 


involving 


Hahn polynomials will be required 


(i) The following convenient forms of the orthogonality 


properties of the Hahn polynomials given by Karlin and. 


n 1 (N+n-tb+2) „ (b+i) (a+b+l) N+a+b+1 

. , • n ^ n , / 

(~N) (a+1) (a+b+l) (2n+a+b+l) j^I 


where 
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(~Kf) (a+.l ) Ca+b+.l.) ^ (/.n+a+b+l ) 


( a+lD+ 1 ) 


nl (N+a+b+2) 


x+a -i N-x+b ~1 N+a+b+1 


where x,y are integer 


4*B+'p 


v;hich is the slightly modified form of the following 
summation formula given by Gasper £4 5, (2.1)] 


By use of the transformation (3.5.6), we can write 


(-•)"(b+l) 


■n,n+a+b+l, -N+x j 


we ginl* the fnl.low.tttO thlhl ipu 


180 



(-)”(b+l) 


n 


(a+1) 


Qj^ (N-x;b,a, N) 


On replacing a,b,x, and z respectively by 
b,a,N“X and N-z and \ising the relation (7.3,5) in egnation 
(7,3,3), gives its following compl enienta ry result. 


N N-x+b x-z+p-l 

(7.3.6) 2^ ( .. ) ( ) Q^{x;a,b,N) 




N-x 


x~z 


(a ~p+l) (b+1) ^ N-z+b+p 


( 


Tb+p+r}“ (a+lT^ 


) Qj^ (z; a~p, b+p,N) , 


for p 0 and b )> ~1. t’ 

(iii) In our analysis we shall also use the following 
two difference formulas involving Hahn polynomials : 


x+a+m 

(7,3,7) V £( ) (x; a+m,b-m,N)] 


n 


x+a 

( ) Q (x;a,b,N) ; 

X n 


for non-negative integer in and a ^ -1, 


and 
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({e)) 


^ p ( x-xi+a+l +rn) 

^ P (a+l+m+r) P (x-u+l) 


From equations (7.1.3) and (7,3.4), we see that the above 
results are special cases of 


m x-u+a+m 


x-n 


E+I G+1 


-x+u , (e) 


x-u+a 

( ) 

'X«U^ 


E+l^G+l 


a+ 1 +ni , (q) 

x+u , (e) 7 

t 

L a +1 , (g) t 


(when ® 2 “ 

and 

-u + X , (e) ; 


n, -H and t.** 1 ) 


u-x+b+m 


X U-X 


E+1 G+1 


b+l+m , (q) 7 


_ u-x+b 

^ u-x '' E+l G+1 


-u+x , (e) 7 

b+1 , (g) 7 


(when u=N , E=2, G=l, e^-n+a+b+1, 62 “ 9^'~ and t l) 

respectively. 

To prove (7.3.9) consider 


V [( 




X 


x-n 


^ E+l^G+l 


-x+u 


a+l+m, (g) 





iltBitSililiilil 


:>;■ - :r ;; KMoss- 

•' J '...Lid 

- *r 

p#f«3 

^Bil 
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((e)) 


P (a+l+m+r) ((g)) r 


P (x-u+a+m) ( -x+u+1 ) 


(x-u+n + l+m) 


(-x+u) ((e)) 


a+rn+r 


,x. ■•“U.4'3- 4* rn •** 1 


•X'fU 


a-fm 


Hence by iteration we get the required result (7.3,9) 


In a similar manner we can easily obtain (7.3,10) 


Proof of the Theorem I i To our s er ie s equa t i on 
x+a E-x+m+p-l 

'for some 


(7.2.1) multiply with ( 


and non-negative Integer m, then 


ummxng 


u it able 


summation 


eries from x~0 to x-z on both 


f ormula 


■»-a+m+p 


) . (z; a+m+p , b-m-p, N) 


A (u+1) 


‘X+m+p 


x+a 
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1 and- p+nri )> 0 


where 


On operntJng both siaen of thin last eqi.iation 
rti 4- • 4 m o u.-iina the difference formula C 


A_ (u+1) 


•jc+m+p-l 


where 


Next we multiply our series 


) and operate both s 


b times for a 


non-negative integer k, using 


obtain 


(c+k+1) 


where y < oc 


suitable constant q, multiply to equation 
x-z+q+k-1 

) , then summing the series from x-:? 

X~2 
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the summation formula 


to x=N on both 


N-z+d+q 


A Td+q+lJ 


x~ztq+b-l 


where y 


Now under the parametric 
n and cf such that 


then equation 


where 


1 and G(z) is given by (7.S 


whe re 
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Now, nwltiplying equation (7,4.5) by 


N~z+v 


u, v,M), and sumining the series from 


we have 


both 


N-z+v 


Next if v;e multiply equation 


uniining the series from z"y+l to N 


z+u 


Z-fU 


On adding (7,4.7) and (7.4.8) 


we obtain 
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For non-negfJt ivG 


Proof of TTi e Theorem II 


x+a 


where 


Now oubirf.ituting t.hr coef! nJ.cienf.n from (7 

into the above expression (7,5,1), v?e have ^ ^ ^ 


N~h N K+u N-z+v 


n=o 


Z"0 


N-z 


^ ^n-th Qj (^? o,v, N) 


y N-z+v 

V ( ) Q.J (z; u, v,N) F (z) 


N-z 


;+xi 


+ (_) Xa ^ ^ Qj( 2 ;u,v,N) G(z) , 

Z“y+1 

whicl> with the Ixelp of orthogonality properly (7.3. 1) , gives 
required result (7.2.6) under the parametric conditions 
(7.2.3), (7.2.4) and (7.2.5). Hence theorem I is proved. 


i« 
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(a.+'b+2n+2h+l ) 


(a+b+1) 


(a+b+1) 


Cv+l) 


(n+b) i (ci+b+lsi+2) 


N +3 +b+ 1 — 1 


X (u+1) 


n)g(2)]o„^. ( 


N-Z+V 


z+u 


z+v. 




24-U 


: vl; ,ii 


k "‘■S' ' 
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are given by equations 


where 


From the summation formula (7,3,6) and parametric 


condition (7,2,3), equation (7,2.16) can be written a 


w-z+a+r 


(a+r+1) (a+b+l)„ ( 2 n+a+b+l) 


N+a+b+l 


(b-.r+l)„ (a+b+l) 


n ! (N+a+b+2) 


v;here b~r 


Using the ortegonality property (7.3.2), the 
equation (7.5.3) yields 


x-z+a-u+r-1 


a~iH-r > 0 and H (t) denote 


unit 


:)ni equation 


On substituting the value 


(7.5,4) into (7 




Next from the difference formula (7*3,8) and our 


dual series equation (7.2*12), we have 


, N-x+d ~1 ^ . N-x+d+s 

( 7 .s.i>) y(x) “ < ) (- A )" L < ■ , ) 

N-x X N-X 


N~h (v+1) r (c'-s+l) .-l 

Q . ( X ; c “ s , d+s , N ) 




X > A., 


nx- 0 


n 


Td+s+iT 


n+h 


h+h 


which on substituting the coefficients f rom (7 , 2 . 6) , 


gives us 


N~x+d -1 

(7.5.6) V(x) = ( ) 

N-x 


N-x+d+s X, N-z+v 

X (-A )"C ( ) X ‘ M > Z 


X N-x fe'o N-z 


+ (-)^" ( 


N-x+d+s JL, z+u ^ 


N-x 


E - ^iru. ' -vi 

( ) y ^ 


z= y+ 1 


n=o 


N-x+d -j 


N-x+d+s 


( ) (“A ) [ ( , > >. A. . ^ 


N-z+v 


N-x X N-x ^0 


N 


z+u 


v N— x+d+s .-—"I 

+ (-) ( ) 2^ ( _^ ) K (x,z) G(y.) J 


N-x 


z« y+ j. 


"w Hf”* r p S ( X * s?'* ) 3 nd. K (x ^ z) o iv 011 by (/*2«»20) snd (7,2*19) 
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From equation (7.1,3), it can be easily 


Remark 


verified that 


a-l,(l-b)N/c» N) *c M (x,'a,b) 


F 


Prom the summation formula (7.3,3) and equation 
(7,2,20),. we have 


s+u “1 w+c:-s Z-W41.1+S-C-1 


(7.5.7) > (x,s) = ) ( ) ( ) ( 

n=0 v;=0 


Z-‘W 


(~N),. (o+d-H).. (c-H+l). ■ (c-N.M-2n4l) 


nl (c+d+N+2). (d+s+l) (c+d+1) 

n=0 n n 


N+c+d+1 ~1 ^ ^ ^ ^ ^ ^ ^ ^ ^ 

X ( ) Q (x;c-s,d+s,N) Q (w;c-s,d+s,N) 


n 


n 


By use of orthogonality property (7.3.2) , x./e have 


^ z+u -1 z-x+u+s-c-1 N-x+d+s -1 

f Sn (x, z) = ^ z ^ ^ ^ ^ ^ ^ H(z-x) , 


n=0 


z~x 


N-x 


'hich on putting in equation (7. 5.6) , gives required result 
7 . 2 . 17 ) . Thus theorem II is proved . 
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where Mj^(x;a,b) is called Mexiner polynomials defined 


(see [ 119 , 1.9 (3) J ) 


Mn(x;b,c) « ^ 


ind the orthogonality property relation of Mexiner 


polynomials is 


E m {x;a^b) M_(x;a,b) 

jQ m 


JL-.b^- = 0 


for m n; 0 <b <i; a >0 


Hence# our dual series equations (7.2,1) and (7,2.2)# 


on replacing x by (l-x)N/2# taking him N -) oo and 


adjusting the parameters reduces into Srivastava equations 


(7,1,1) and (7.1,2) respectively involving Jacobi pOlynomialj 


of continuous variables. 


Further# if we replace a# b# c, d respectively 


by a-1# (l-b)N/b# c-l;(l~d)N/d and taking Llin N oo 


in (7.2.1) and (7.2.2), we get the following dual seriej 


equations involving Mexiner polynomials 


A„(u+l)^^j^ M^_^j^(x;a#b) = f (x) ; 0$x^y 






n+h n+h 






. 4 jLi-,'. ' «... 'jj', 
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